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The generalized Gibbs ensemble (GGE), which involves multiple conserved quantities other than
the Hamiltonian, has served as the statistical-mechanical description of the long-time behavior
for several isolated integrable quantum systems. The GGE may involve a noncommutative set
of conserved quantities in view of the maximum entropy principle, and show that the GGE thus
generalized (noncommutative GGE, NCGGE) gives a more qualitatively accurate description of the
long-time behaviors than that of the conventional GGE. Providing a clear understanding of why
the (NC)GGE well describes the long-time behaviors, we construct, for noninteracting models, the
exact NCGGE that describes the long-time behaviors without an error even at finite system size.
It is noteworthy that the NCGGE involves nonlocal conserved quantities, which can be necessary
in describing long-time behaviors of local observables. We also find some versions of NCGGEs that
are useful in numerics and demonstrate how accurately they describe the long-time behaviors of
few-body observables.
I. INTRODUCTION
The foundation of quantum statistical mechanics has
seen a resurgence of interest in recent years [1–4] partly
because well-isolated and -controlled artificial quantum
systems have emerged as the ideal platform to reconsider
the long-standing problem [5–10]. A remarkable finding
is that an isolated quantum many-body system can relax
to an effective stationary state even without energy dissi-
pation or quantum decoherence. Although the stationary
state in the strict sense appears only in infinite systems,
an effective (or approximate) stationary state arises at
large but finite system sizes, where the fluctuations and
recurrences are negligible [11–13].
In generic nonintegrable systems, the effective station-
ary state coincides in fact with the thermal state due to
the eigenstate thermalization hypothesis (ETH) [14, 15],
which dates back to von Neumann [16] and has recently
been numerically verified [17–23]. Meanwhile, there ex-
ist known systems in which the stationary state does not
coincide with the thermal state such as integrable sys-
tems [18, 24–27], many-body localized systems [28, 29],
and so on [30–32]. It remains an open question how to
classify all the nonthermal systems and to identify the
statistical-mechanical ensemble describing those states.
The generalized Gibbs ensemble (GGE) is a paradig-
matic framework to describe various nonthermal station-
ary states [24]. Whereas the usual Gibbs (canonical) en-
semble involves the Hamiltonian, the GGE does other
conserved quantities as well (see Eq. (5) below) [33]. The
GGE describes the stationary states in noninteracting in-
tegrable models (hard-core bosons [24], the transverse-
field Ising model [34]), interacting (Bethe-ansatz) in-
tegrable ones [35–40], models with different-type con-
served quantities [41], quantum field theories [42], and
so on [43, 44].
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Despite its success, the GGE sometimes fails to de-
scribe the stationary state. For example, Spinless
fermions or hard-core bosons under incommensurate po-
tential cannot be described by the GGE due to the local-
ization of single particle eigenstate [45–49]. Another ex-
ample is the entanglement prethermalization in an inter-
acting integrable system [50], where nonlocal conserved
quantities play significant roles. One crucial problem is
that the GGE is a general framework and never tells
us which conserved quantities should be incorporated.
When a GGE fails, it is hard to tell whether the ad hoc set
of conserved quantities is not enough or the framework
breaks down. In particular, the GGEs mentioned above
implicitly assume that the conserved quantities commute
with each other (commutative GGE, CGGE), and this
assumption may unnecessarily constrain the GGE. the
GGE conserved quantities can be noncommutative in
view of the maximum entropy principle. The GGE with
a noncommutative set of conserved quantities was first
introduced in Ref. [51] in discussing the prerelaxation for
the XY spin chain. The ensemble with a noncommu-
tative set of conserved quantities was also mentioned in
Ref. [52]. However, it has not been systematically stud-
ied why and how those GGEs describe local or few-body
observables well.
In this paper, we systematically study how the addi-
tional noncommutative conserved quantities affect the
GGE and show that the GGE thus generalized (non-
commutative GGE, NCGGE) describes the stationary
states in isolated integrable systems better than the con-
ventional CGGE. By introducing the observable projec-
tion idea, we provide a clear understanding of why the
(NC)GGE well describes the stationary states. In this
spirit, for a noninteracting model, we systematically con-
struct the NCGGE that describes the stationary states
without an error at finite system size for few-body observ-
ables. We also propose some NCGGEs that are useful in
numerics and demonstrate how they work.
The rest of this paper is organized as follows. In Sec. II,
we formulate the problem and define the NCGGE. In
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2Sec. III, we explain why the GGE is valid with enough
conserved quantities and the necessity of the NCGGE.
The observable projection idea and the uniqueness of the
NCGGE presented in Secs. II and III are so general that
they can be applied to both interacting and noninter-
acting integrable systems. In Secs. IV and V, focusing
on free fermions, we show more detailed analyses of the
NCGGE. In Sec. IV, we give the example of NCGGE in
free fermion and show the exactness of NCGGE even at
finite system size. In Sec. V, we give numerical results
for two-body observables in the CGGE and NCGGE. In
Sec. VI, we give further extensions of the NCGGE. Fi-
nally, in Sec. VII, we summarize our study with conclud-
ing remarks.
II. FORMULATION OF PROBLEM AND
NCGGE
We consider an isolated quantum system described by
a time-independent Hamiltonian Hˆ. We let {En} denote
the distinct eigenenergies, having Hˆ =
∑
mEmPˆm with
Pˆm being the projection operator onto the corresponding
eigenspace. Under the Hamiltonian, an initial state |ψini〉
evolves as |ψ(t)〉 = e−iHt |ψini〉 =
∑
m e
−iEmtPˆm |ψini〉 at
time t (~ = 1 throughout this paper). Assuming that
|ψini〉 is a superposition of exponentially-large number
(in terms of the system size) of energy eigenstates [12,
53, 54], we have an effective stationary state, in which
an observable Aˆ has its expectation value equal to the
long-time average
〈Aˆ〉LT = 〈ψ(t)|Aˆ|ψ(t)〉 =
∑
m
〈ψini|PˆmAˆPˆm|ψini〉 , (1)
where f(t) ≡ limT→∞
∫ T
0
(dt/T )f(t). It is convenient to
define the the diagonal and off-diagonal decomposition
of Aˆ by Aˆ = Aˆ + δAˆ with Aˆ ≡ ∑m PˆmAˆPˆm and δAˆ ≡∑
m,n (m6=n) PˆmAˆPˆn. This notation simplifies Eq. (1) as
〈Aˆ〉LT = 〈Aˆ〉ini ≡ 〈ψini|Aˆ|ψini〉 . (2)
If Aˆ is a conserved quantity Qˆ, i.e. [Qˆ, Hˆ] = 0, Eq. (1)
leads to
〈Qˆ〉LT = 〈Qˆ〉ini . (3)
Equation (1) gives 〈Aˆ〉LT exactly but involves an
exponentially-large number of inputs corresponding to
every detail of |ψini〉. The question that we address in
this paper is to find a statistical-mechanical ensemble ρ
which, with fewer (up to a polynomially-large number of)
inputs, satisfies 〈Aˆ〉LT ' Tr(ρˆAˆ) for local or few-body ob-
servables Aˆ’s of interest. Here, ' allows an error due to
the finite-size effect that vanishes in the thermodynamic
limit.
The GGE is a successful candidate for such an ensem-
ble formulated as follows. The central idea is that the
ensemble ρˆ would maximize the von Neumann entropy
S(ρ) = −Tr(ρˆ log ρˆ) (the Boltzmann constant is set to
unity). When there exist multiple conserved quantities
{Qˆα} including the Hamiltonian, the dynamics is con-
strained by Eq. (3) for each Qˆ = Qˆα. Then the ensemble
that maximizes the entropy under the constraints is given
by the stationary condition for
Ψ(ρˆ, {λα}) = S(ρˆ)−
∑
α
λα[Tr(ρˆQˆα)− 〈Qˆα〉ini], (4)
with the generalized temperatures {λα}. This condition
leads to [33]
ρˆGGE =
e−
∑
α λαQˆα
Z
, (5)
where Z ≡ Tr e−
∑
α λαQˆα is the partition function and
the Lagrange multipliers {λm} called the generalized
temperatures are determined uniquely by
〈Qˆα〉ini = Tr(ρˆGGEQˆα), (6)
for each α. When {Qˆα} consists only of the Hamiltonian,
the GGE reduces to the usual Gibbs (canonical) ensemble
and the generalized temperature is the inverse tempera-
ture β. Once determined, the GGE gives expectation
values for generic observables by 〈Aˆ〉GGE ≡ Tr(ρˆGGEAˆ).
We emphasize that, in deriving Eq. (5), we never use
the commutativity [Qˆα, Qˆβ ] = 0, which is implicitly as-
sumed in the literature. In the Heisenberg model, for
example, the SU(2) symmetry implies that each of the
total Sx, Sy, and Sz is a conserved quantity, and one can
construct the GGE by using all of them. Thus, allowing
noncommutative ones increases the number of conserved
quantities and improves the GGE in general.
We note that, when [Qˆα, Qˆβ ] 6= 0, we cannot decom-
pose Eq. (5) into the exponentials for each conserved
quantity: e−
∑
α λαQˆα 6= ∏α e−λαQˆα . Nevertheless, the
exponential e−
∑
α λαQˆα is well-defined and the general-
ized temperatures are uniquely determined. We prove
these facts in the Appendix A.
III. VALIDITY OF NCGGE IN
THERMODYNAMIC LIMIT
Before discussing concrete models, we show why the
GGE well describes the long-time behaviors (1) for
generic observables in the thermodynamic limit. Al-
though the GGE is usually justified by the generalized
ETH [55], we here provide another perspective, in which
the merit of the NCGGE becomes evident.
To justify the GGE, we invoke the observable pro-
jection with conserved quantities [56]. Note that the
Hilbert-Schmidt inner product can be defined between
two observables Aˆ and Bˆ as 〈Aˆ, Bˆ〉 ≡ Tr(AˆBˆ)/D with
D being the Hilbert-space dimension. Thus, for a given
3orthogonal set of conserved quantities {Qˆα}, we can de-
compose an observable Aˆ into the parallel and perpendic-
ular components: Aˆ = Aˆ‖+ Aˆ⊥, where Aˆ‖ =
∑
α pAαQˆα
and pAα ≡ 〈Aˆ, Qˆα〉 / 〈Qˆα, Qˆα〉. According to Ref. [56], if
our {Qˆα} is a “complete” set of conserved quantities, the
perpendicular component Aˆ⊥ is negligible in the ther-
modynamic limit. More precisely, the diagonal compo-
nent Aˆ⊥, which is relevant in the long-time average (see
Eq. (2)), becomes negligible.
The observable projection idea readily justifies the
GGE in the thermodynamic limit as follows. Note
that the long-time average for the actual dynamics is
〈Aˆ〉LT = 〈Aˆ‖〉LT + 〈Aˆ⊥〉LT = 〈Aˆ‖〉ini + 〈Aˆ⊥〉ini, where we
have used Aˆ‖ =
∑
α pAαQˆα and Eqs. (2) and (3). On
the other hand, the GGE gives 〈Aˆ〉GGE = 〈Aˆ‖〉GGE +
〈Aˆ⊥〉GGE = 〈Aˆ‖〉ini + 〈Aˆ⊥〉GGE since the GGE satisfies
〈Qˆα〉ini = 〈Qˆα〉GGE by definition and 〈δAˆ⊥〉GGE = 0.
Thus the error of the GGE description depends only on
the perpendicular component as
〈Aˆ〉LT − 〈Aˆ〉GGE = 〈Aˆ⊥〉ini − 〈Aˆ⊥〉GGE , (7)
which vanishes in the thermodynamic limit if our {Qˆα} is
complete (see Appendix B for more precise arguments).
When the set of conserved quantities is incomplete, Aˆ⊥
does not vanish and the GGE prediction deviates from
the long-time average in the thermodynamic limit.
The above justification of the GGE highlights the im-
portance of taking enough amount of conserved quanti-
ties. The operator projection enables us to single out
relevant conserved quantities for the local observables of
interest. If Aˆ consists of a noncommutative set of con-
served quantities even in the thermodynamic limit, the
GGE needs to involve them and become an NCGGE.
Since the role of noncommutativity is not apparent in
this general discussion, we will discuss a concrete model
below.
Finite-size systems are also of interest, in which the
long-time average can be influenced by the noncommu-
tative (and nonlocal) conserved quantities, which are ex-
cluded from the minimal complete set. Incorporating
those conserved quantities, we have smaller errors with
GGEs at finite system size or more accurate GGEs.
The arguments thus far apply to any system including
the interacting integrable systems and even nonintegrable
systems. Nonetheless, in noninteracting integrable mod-
els, We can do more explicit calculations to get deeper
insights. In the following, we focus on free fermions in one
dimension and discuss various versions of the NCGGE.
IV. EXACT NCGGE AT FINITE SYSTEM SIZE
Interestingly, for free fermions in one dimension, we
can analytically construct NCGGEs exactly describe the
long-time average at finite system size. The construction
is step-by-step: The NCGGE involving all the up-to-N -
body conserved quantities exactly describe all the up-to-
N -body observables.
We begin by defining the model Hamiltonian
Hˆ = −
L∑
i=1
(
cˆ†i cˆi+1 + h.c.
)
=
∑
k
k cˆ
†
k cˆk, (8)
where we have set the transfer integral to unity, L is
the number of sites, the periodic boundary condition is
imposed, and cˆi (cˆ
†
i ) is the annihilation (creation) op-
erator for the spinless fermion at site i: {cˆi, cˆ†j} = δij
and {cˆi, cˆj} = {cˆ†i , cˆ†j} = 0 for all i and j. We have
introduce the Fourier transform cˆk = L
−1/2∑
j e
−ikj cˆj
and k = −2 cos k, where k = 2pim/L (m ∈ Z) with
−pi < k ≤ pi. Thus, ∑k means the sum over the range{2pim/L |m = −L/2 < m ≤ L/2,m ∈ Z}.
At one-body level, this Hamiltonian has two kinds of
conserved quantities:
Iˆk = cˆ
†
k cˆk, Jˆk = cˆ
†
−k cˆk (9)
While only Iˆk is usually considered in the literature [24],
Jˆk arising from the double degeneracy of the dispersion
relation in the single-particle spectrum k = −k except
k = 0 and pi (similarly to the XY chain case in Ref. [51])
is also allowed in the NCGGE. The set of these con-
served quantities are nonconmmutative due to the alge-
bra [Iˆk, Jˆ±k] = ∓Jˆ±k and [Jˆk, Jˆ−k] = Iˆ−k − Iˆk (all other
commutators vanish)
Note that Iˆk can be written as the sum of local
conserved quantities (see the supplemental material of
Ref. [56]), but Jˆk cannot. Taking the Fourier transfor-
mation of Jˆk, we have the Wannier-basis form of the ad-
ditional conserved quantity Wˆn,
Wˆn ≡
∑
k
e−inkJˆk =
L∑
j=1
cˆ†j+ncˆ−j , (10)
where the site indices j+n and −j should be interpreted
in modulo L. Note that Wˆn includes the long-range hop-
ping of O(L) and local hopping with the same weight,
which implies that Jˆk is a nonlocal conserved quantity.
We define the GGE with all the one-body conserved
quantities in Eq. (9) as the one-body NCGGE:
ρˆ1NC =
1
Z1NC
exp
[
−
∑
k
(λk Iˆk + ωkJˆk)
]
, (11)
where Z1NC = Tre
−∑k(λk Iˆk+ωkJˆk) and λk (= λ∗k) and ωk
(= ω∗−k) are the generalized temperatures determined by
〈Iˆk〉1NC = 〈Iˆk〉ini , 〈Jˆk〉1NC = 〈Jˆk〉ini (12)
for every k.
4Remarkably, the one-body NCGGE thus constructed
describe, without an error, long-time averages of all the
one-body observables. To show this, we take an arbi-
trary one-body observable Aˆ(1) =
∑
k,q Akq cˆ
†
k cˆq and con-
sider its long-time average. Utilizing the Heisenberg pic-
ture, cˆk(t) ≡ eiHˆtcˆke−iHˆt = e−iktcˆk and cˆ†k(t) = eiktcˆ†k,
we obtain 〈Aˆ(1)〉LT =
∑
k,q Akq 〈cˆ†k cˆq〉ini ei(k−q)t =∑
k(Akk 〈Iˆk〉ini + Ak,−k 〈Jˆk〉ini). We emphasize that the
long-time average has been nonvanishing only for k = q
and this condition is equivalent to that cˆ†k cˆq is a conserved
quantity since [Hˆ, cˆ†k cˆq] = (k − q)cˆ†k cˆq. On the other
hand, we have, for the one-body NCGGE, 〈Aˆ(1)〉1NC =∑
k(Akk 〈Iˆk〉ini + Ak,−k 〈Jˆk〉ini) since 〈cˆ†k cˆq〉1NC = 0 for
k 6= q. Using Eq. (12), we obtain
〈Aˆ(1)〉1NC = 〈Aˆ(1)〉LT ∀Aˆ(1) (13)
even when the system size L is finite. This is a remark-
able property that the conventional CGGE does not have.
The CGGE density matrix ρˆC is defined only with Iˆk and
cannot be exact at finite L, 〈Aˆ(1)〉C =
∑
k Akk 〈Iˆk〉ini 6=
〈Aˆ(1)〉LT.
The above exactness of the one-body NCGGE nat-
urally let us find the exact N -body NCGGE. Let us
first consider the N = 2 case and take a two-body
observable Aˆ(2) =
∑
k1,k2,q1,q2
Ak1k2;q1q2 cˆ
†
k1
cˆ†k2 cˆq2 cˆq1 .
Its long-time average is given by 〈Aˆ(2)〉LT =∑′
k1,k2,q1,q2
Ak1k2;q1q2 〈cˆ†k1 cˆ
†
k2
cˆq2 cˆq1〉ini, where
∑′
means
the restriction of the sum to k1 + k2 = q1 + q2 . Here
we note that every Cˆk1k2q1q2 ≡ cˆ†k1 cˆ
†
k2
cˆq2 cˆq1 in the re-
stricted sum is a conserved quantity. These two-body
conserved quantities include the products of two one-
body conserved quantities (9) as well as others due to
accidental degeneracy such as c†pi
2−kc
†
pi
2−qc
pi
2 +q
cpi
2 +k
. If we
define the two-body NCGGE ρˆ2NC by 〈Cˆk1k2q1q2〉2NC =
〈Cˆk1k2q1q2〉ini and Eq. (12) for 2NC, one can easily show
〈Aˆ(n)〉2NC = 〈Aˆ(n)〉LT (∀Aˆ(n)) for (n = 1 and 2). Thus,
we have obtained the NCGGE that describes the long-
time average of each one- or two-body observable exactly
at finite L. In a similar manner, we can systematically
construct the N -body GGE that is exact for all up-to-
N -body observables at finite system size. Note that the
conserved quantities used in the N -body NCGGE are
non-local except for Iˆk.
In practice, it is a hard task both analytically and nu-
merically to determine all the generalized temperatures
for the exact N -body NCGGE for N ≥ 2 since it is essen-
tially a many-body problem. However, it is conceptually
important: There exists a systematic construction of the
GGE that is exact for all the less-than-N -body observ-
ables at finite system size. Below, we discuss some spe-
cial NCGGEs of practical relevance: the exact one-body
and approximate two-body NCGGEs.
V. APPLICATION OF EXACT ONE-BODY
NCGGE
As shown above, the one-body NCGGE (11) exactly
describes all the one-body observables unlike the conven-
tional CGGE. We further study how this NCGGE works
for two-body observables. Fortunately, we can analyt-
ically obtain the generalized temperatures λk and ωk.
Although we leave the detail in Appendix C, an impor-
tant idea is to perform a unitary transformation in each
(k,−k) subspace: (dˆ†k, dˆ†−k) = (cˆ†k, cˆ†−k)Uk, which diago-
nalizes the exponent in Eq. (11). Then we have a diagonal
form
ρˆ1NC =
1
Z1NC
∏
k
exp
(
−ηk Iˆdk
)
, (14)
where Iˆdk = dˆ
†
kdˆk is the conserved quantity in the new
basis and ηk is some linear combination of λk and ωk.
Equation (14) is useful for obtaining the generalized tem-
peratures (see Appendix).
To test the accuracy of ρˆ1NC, we consider a concrete
initial state and its dynamics under the Hamiltonian (8).
As shown in Fig. 1(a), we suppose an initial hard wall
box, which confines N particles to the sites 1 ≤ i ≤ Lini
(N ≤ Lini). The one-particle energy eigenstates within
the box are ϕn(j) = (Lini+1)
−1/2 sin[pinj/(Lini+1)] as il-
lustrated in Fig. 1(b). Introducing the creation operators
for these eigenstates as Φ†n =
∑L
j=1 ϕn(j)cˆ
†
j , we consider
the following two initial states: the ground state |ψAini〉 =∏N
n=1 Φ
†
n |0〉 and an excited state |ψBini〉 =
∏N
n=1 Φ
†
2n |0〉
(for N ≤ Lini/2). We remove the hard wall box instanta-
neously at time t = 0, let these initial states evolve under
Hˆ, or freely expand into the entire L sites, and analyze
the long-time average of various observables.
Figure 2 displays the values of the additional conserved
quantities | 〈Jˆk〉ini | ≡ | 〈ψini| Jˆk |ψini〉 | for |ψini〉 = |ψAini〉
and |ψBini〉. While | 〈Jˆk〉ini | are almost zero for most k in|ψAini〉, it has large values for 0 < k < 2pi/3 in |ψBini〉. Thus,
Jˆk is less important for the GGE in case of |ψAini〉 and the
generalized temperatures for Jˆk are almost zero for most
k. On the other hand, in case of |ψBini〉, we should use Jˆk
in the GGE and the generalized temperatures have large
absolute values.
To compare the one-body NCGGE and the conven-
tional CGGE, we consider some two-body observables
since we have already shown that one-body observ-
ables are exactly described by the one-body NCGGE.
To highlight the role of Jˆk, we take |ψBini〉 as an initial
state and focus on the density-density correlation nˆinˆj
(ni ≡ cˆ†i cˆi) [57] and calculate the error of the GGEs
| 〈nˆinˆj〉GGE−〈nˆinˆj〉LT |, where GGE means the one-body
NCGGE (1NC) or CGGE (C). We plot these errors in
Figs. 3(a) and (b), finding ρˆ1NC more accurate than the
CGGE as a whole. We turn our attention further to
local physical quantities njnj+1, which are 1-local oper-
ators and the sub-diagonal components of Fig. 3. For
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3
imposed, and cˆi (cˆ
†
i ) is the annihilation (creation) op-
erator for the spinless fermion at site i: {cˆi, cˆ†j} = δij
and {cˆi, cˆj} = {cˆ†i , cˆ†j} = 0 for all i and j. We have
introduce the Fourier transform cˆk = L
−1/2∑
k e
−ikj cˆj
and "k = −2 cos k, where k = 2pim/L (m ∈ Z) with
−pi < k ≤ pi.
At one-body level, this Hamiltonian has two kinds of
conserved quantities:
Iˆk = cˆ
†
k cˆk, Jˆk = cˆ
†
−k cˆk (7)
While only Iˆk is usually considered in the literature [? ],
Jˆk arising from the double degeneracy "k = "−k except
k = 0 and pi is also allowed in the NCGGE. The set of
these conserved quantities are nonconmmutative due to
the algebra [Iˆk, Jˆ±k] = ∓Jˆ±k and [Jˆk, Jˆ−k] = Iˆ−k − Iˆk
(all other commutators vanish).
We define the GGE with all the one-body conserved
quantities in Eq. (7) as the one-body NCGGE:
ρˆ1NC =
1
Z1NC
exp
[
−
∑
k
(λk Iˆk + ωkJˆk)
]
, (8)
where Z1NC = Tre
−∑k(λk Iˆk+ωkJˆk) and λk (= λ∗k) and ωk
(= ω∗−k) are the generalized temperatures determined by
〈Iˆk〉1NC = 〈Iˆk〉ini , 〈Jˆk〉1NC = 〈Jˆk〉ini (9)
for every k.
Remarkably, the one-body NCGGE thus constructed
describe, without an error, long-time averages of all the
one-body observables. To show this, we take an arbi-
trary one-body observable Aˆ(1) =
∑
k,q Akq cˆ
†
k cˆq and con-
sider its long-time average. Utilizing the Heisenberg pic-
ture, cˆk(t) ≡ eiHˆtcˆke−iHˆt = e−i#ktcˆk and cˆ†k(t) = ei#ktcˆ†k,
we obtain 〈Aˆ(1)〉LT =
∑
k,q Akq 〈cˆ†k cˆq〉ini ei(#k−#q)t =∑
k(Akk 〈Iˆk〉ini + Ak,−k 〈Jˆk〉ini). We emphasize that the
long-time average has been nonvanishing only for "k = "q
and this condition is equivalent to that cˆ†k cˆq is a conserved
quantity since [Hˆ, cˆ†k cˆq] = ("k − "q)cˆ†k cˆq. On the other
hand, we have, for the one-body NCGGE, 〈Aˆ(1)〉1NC =∑
k(Akk 〈Iˆk〉1NC+Ak,−k 〈Jˆk〉1NC) since 〈cˆ†k cˆq〉1NC = 0 for
"k 6= "q. Using Eq. (9), we obtain
〈Aˆ(1)〉1NC = 〈Aˆ(1)〉LT ∀Aˆ(1) (10)
even when the system size L is finite. This is a remark-
able property that the conventional CGGE does not have.
The CGGE is defined only with Iˆk and cannot be exact
at finite L.
The above exactness of the one-body NCGGE nat-
urally let us find the exact N -body NCGGE. Let us
first consider the N = 2 case and take a two-body
observable Aˆ(2) =
∑
k1,k2,q1,q2
Ak1k2;q1q2 cˆ
†
k1
cˆ†k2 cˆq2 cˆq1 .
Its long-time average is given by 〈Aˆ(2)〉LT =
∑′
k1,k2,q1,q2
Ak1k2;q1q2 〈cˆ†k1 cˆ
†
k2
cˆq2 cˆq1〉ini, where
∑′
means
the restriction of the sum to "k1 + "k2 = "q1 + "q2 . Here
we note that every Cˆk1k2q1q2 ≡ cˆ†k1 cˆ
†
k2
cˆq2 cˆq1 in the re-
stricted sum is a conserved quantity. These two-body
conserved quantities include the products of two one-
body conserved quantities (7) as well as others due to
accidental degeneracy such as c†pi
2−kc
†
pi
2−qc
pi
2+q
cpi
2+k
. If we
define the two-body NCGGE ρˆ2NC by 〈Cˆk1k2q1q2〉2NC =
〈Cˆk1k2q1q2〉ini and Eq. (9) for 2NC, one can easily show
〈Aˆ(n)〉2NC = 〈Aˆ(n)〉LT (∀Aˆ(n)) for (n = 1 and 2). Thus,
we have obtained the NCGGE that describes the long-
time average of every one- or two-body observable exactly
at finite L. In a similar manner, we can systematically
construct the N -body GGE that is exact for all up-to-
N -body observables at finite system size.
In practice, it is a hard task both analytically and nu-
merically to determine all the generalized temperatures
for the exact N -body NCGGE for N ≥ 2 since it is es-
sentially a many-body problem. Below, we discuss some
special NCGGEs of practical relevance: the exact one-
body and approximate two-body NCGGEs.
Application of exact one-body NCGGE.— As shown
above, the one-body NCGGE (8) exactly describes all
the one-body observables unlike the conventional CGGE.
We further study how this NCGGE works for two-body
observables. Fortunately, we can analytically obtain the
generalized temperatures λk and ωk. Although we leave
the detail in Supplemental Material [? ], an impor-
tant idea is to perform a unitary transformation in each
(k,−k) subspace: (dˆk, dˆ−k) = Uk(cˆk, cˆ−k), which diago-
nalizes the exponent in Eq. (8). Then we have a diagonal
form
ρˆ1NC =
1
Z1NC
∏
k
exp
(
−ηk Iˆdk
)
, (11)
where Iˆdk = d
†
kdk is the conserved quantity in the new
basis and ηk is some linear combination of λk and ωk.
Equation (11) is useful for obtaining the generalized tem-
peratures [? ].
(———- Ikeda hasn’t made revision below ————)
To test the accuracy of ρˆ1NC, we consider, for example,
the following initial state:
We show the one-body NCGGE describes the dynam-
ics more accurately than the CGGE in the qualitative
and quantitative perspective. In order to do this, we
study how much the one-body NCGGE fit the two-body
conserved quantities, then study the dynamics of the two
body observables in the one-body NCGGE.
Firstly, we study how much the one-body NCGGE
can fit the two-body conserved quantities Iˆdk Iˆ
d
q . The
initial state is the ground state of a hard wall box,
like Rigol 2007, then let the fermions expand freely to
the circuit, which is the final periodic boundary con-
dition system of system size L. The set up is illus-
trated in Fig.1. This initial state is written as |ψAini〉 =∏N
n=1
(∑L
j=1 Pnj cˆ
†
j
)
|0〉 where Pnj =
√
1
Lini+1
sin( pinjLini+1 )
t<0
t>0
site(a) (b)
〈n0nj〉
| 〈ninj〉1NG − 〈ninj〉LT | | 〈ninj〉2NG − 〈ninj〉LT | | 〈ninj〉CG − 〈ninj〉LT |
| 〈ninj〉tNG − 〈ninj〉LT | | 〈IˆkIˆq〉ini − 〈IˆkIˆq〉NG |
〈Oˆ〉GGE = Tr[ρˆGGEOˆ]
| 〈Iˆdk Iˆdq 〉ini − 〈Iˆdk Iˆdq 〉1NG |
k [2pi/L] (1)
q [2pi/L] (2)
ϕ1 (3)
ϕ2 (4)
ϕ3 (5)
ϕ4 (6)
(7)
1
〈n0nj〉
| 〈ninj〉1NG − 〈ninj〉LT | | 〈ninj〉2NG − 〈ninj〉LT | | 〈ninj〉CG − 〈ninj〉LT |
| 〈ninj〉tNG − 〈ninj〉LT | | 〈IˆkIˆq〉ini − 〈IˆkIˆq〉NG |
〈Oˆ〉GGE = Tr[ρˆGGEOˆ]
| 〈Iˆdk Iˆdq 〉ini − 〈Iˆdk Iˆdq 〉1NG |
k [2pi/L] (1)
q [2pi/L] (2)
ϕ1 (3)
ϕ2 (4)
ϕ3 (5)
ϕ4 (6)
(7)
1
〈n0nj〉
| 〈ninj〉1NG − 〈ninj〉LT | | 〈ninj〉2NG − 〈ninj〉LT | | 〈ninj〉CG − 〈ninj〉LT |
| 〈ninj〉tNG − 〈ninj〉LT | | 〈IˆkIˆq〉ini − 〈IˆkIˆq〉NG |
〈Oˆ〉GGE = Tr[ρˆGGEOˆ]
| 〈Iˆdk Iˆdq 〉ini − 〈Iˆdk Iˆdq 〉1NG |
k [2pi/L] (1)
q [2pi/L] (2)
ϕ1 (3)
ϕ2 (4)
ϕ3 (5)
ϕ4 (6)
(7)
1
〈n0nj〉
| 〈ninj〉1NG − 〈ninj〉LT | | 〈ninj〉2NG − 〈ninj〉LT | | 〈ninj〉CG − 〈ninj〉LT |
| 〈ninj〉tNG − 〈ninj〉LT | | 〈IˆkIˆq〉ini − 〈IˆkIˆq〉NG |
〈Oˆ〉GGE = Tr[ρˆGGEOˆ]
| 〈Iˆdk Iˆdq 〉ini − 〈Iˆdk Iˆdq 〉1NG
k [2pi/L] (1)
q [2pi/L] (2)
ϕ1 (3)
ϕ2 (4)
ϕ3 (5)
ϕ4 (6)
(7)
1
〈n0nj〉
| 〈ninj〉1NG − 〈ninj〉LT | | 〈ninj〉2N − 〈ninj〉LT | | 〈ninj〉CG − 〈ninj〉LT |
| 〈ninj〉tNG − 〈ninj〉LT | | 〈IˆkIˆq〉ini − 〈IˆkIˆq〉NG |
〈Oˆ〉GGE = Tr[ρˆGGEOˆ]
| 〈Iˆdk Iˆdq 〉ini − 〈Iˆdk Iˆdq 〉1NG |
k [2pi/L] (1)
q [2pi/L] (2)
ϕ1 (3)
ϕ2 (4)
ϕ3 (5)
ϕ4 (6)
|ψAini〉 (7)
|ψBini〉 (8)
(9)
1
〈n0nj〉
| 〈ninj〉1NG − 〈ninj〉LT | | 〈ninj〉2NG − 〈ninj〉LT | | 〈ninj〉CG − 〈ninj〉LT |
| 〈ninj〉tNG − 〈ninj〉LT | | 〈IˆkIˆq〉ini − 〈IˆkIˆq〉NG |
〈Oˆ〉GGE = Tr[ρˆGGEOˆ]
| 〈Iˆdk Iˆdq 〉i i − 〈Iˆdk Iˆdq 〉1NG |
k [2pi/L] (1)
q [2pi/L] (2)
ϕ1 (3)
ϕ2 4)
ϕ3 (5)
ϕ4 (6)
|ψAini〉 (7)
|ψBini〉 (8)
(9)
1
i l 
3
imposed, and cˆi (cˆ
†
i ) is the annihilation (creation) op-
erator for the spinless fermion at site i: {cˆi, cˆ†j} = δij
and {cˆi, cˆj} = {cˆ†i , cˆ†j} = 0 for all i and j. We have
introduce the Fourier transform cˆk = L
−1/2∑
k e
−ikj cˆj
and "k = −2 cos k, w ere k = 2pim/L (m ∈ Z) with
−pi < k ≤ pi.
At one-body level, this Hamiltonian has two kinds of
conserved quantities:
Iˆk = cˆ
†
k cˆk, Jˆk = cˆ
†
−k cˆk (7)
While only Iˆk is usually considered in the literature [? ],
Jˆk arising from the double degeneracy "k = "−k except
k = 0 and pi is also allowed in the NCGGE. The set of
these conserved quantities are nonconmmutative due to
the algebra [Iˆk, Jˆ±k] = ∓Jˆ±k and [Jˆk, Jˆ−k] = Iˆ−k − Iˆk
(all other commutators vanish).
We define the GGE with all the one-body conserved
quantities in Eq. (7) as the one-body NCGGE:
ρˆ1NC =
1
Z1NC
exp
[
−
∑
k
(λk Iˆk + ωkJˆk)
]
, (8)
where Z1NC = Tre
−∑k(λk Iˆk+ωkJˆk) and λk (= λ∗k) and ωk
(= ω∗−k) are the generalized temperatures determined by
〈Iˆk〉1NC = 〈Iˆk〉ini , 〈Jˆk〉1NC = 〈Jˆk〉ini (9)
for very k.
Remarkably, he one-body NCGGE thus construc ed
describe, without an error, long-time av rages of all the
one-body observables. To show this, we take an arbi-
tra y one-body observabl Aˆ(1) =
∑
k,q Akq cˆ
†
k cˆq and con-
sider its long-time average. Ut lizing the Heisenberg pic-
ture, cˆk(t) ≡ eiHˆtcˆke−iHˆt = e−i#ktcˆk and cˆ†k(t) = ei#ktcˆ†k,
we obtain 〈Aˆ(1)〉LT =
∑
k,q Akq 〈cˆ†k cˆq〉ini ei(#k−#q)t =∑
k(Akk 〈Iˆk〉ini + Ak,−k 〈Jˆk〉ini). We emphasize that the
long-time average has been nonvanishing only for "k = "q
and this condition is equivalent to that cˆ†k cˆq is a conserved
quantity since [Hˆ, cˆ†k cˆq] = ("k − "q)cˆ†k cˆq. On the other
hand, we have, for the one-body NCGGE, 〈Aˆ(1)〉1NC =∑
k(Akk 〈Iˆk〉1NC+Ak,−k 〈Jˆk〉1NC) since 〈cˆ†k cˆq〉1NC = 0 for
"k 6= "q. Using Eq. (9), we obtain
〈Aˆ(1)〉1NC = 〈Aˆ(1)〉LT ∀Aˆ(1) (10)
even when the system size L is finite. This is a remark-
able property that the conventional CGGE does not have.
The CGGE is defined only with Iˆk and cannot be exact
at finite L.
The above exactness of the one-body nat-
urally let us find the exact - o . et s
first consider the 2 case a t e t -
observable ˆ(2) k1,k2,q1,q2 k1k2;q1q2c
†
k1
†
2
q2 q1 .
Its long-ti e average is give 〈 (2)〉
∑′
k1,k2,q1,q2
Ak1k2;q1q2 〈cˆ†k1 cˆ
†
k2
cˆq2 cˆq1〉ini, where
∑′
m ans
the r striction of the um to "k1 + "k2 = "q1 + "q2 . Here
we not that every Cˆk1k2q1q2 ≡ cˆ†k1 cˆ
†
k2
cˆq2 cˆq1 in the r
stricted sum is a conserved qu ntity. These two-body
conserved quantities include the products of two one-
body conserved quantities (7) as well as others due to
accidental degeneracy such as c†pi
2−kc
†
pi
2−qc
pi
2+q
cpi
2+k
. If we
define the two-body NCGGE ρˆ2NC by 〈Cˆk1k2q1q2〉2NC =
〈Cˆk1k2q1q2〉ini and Eq. (9) for 2NC, one can easily show
〈Aˆ(n)〉2NC = 〈Aˆ(n)〉LT (∀Aˆ(n)) for (n = 1 and 2). Thus,
we have obtained the NCGGE that describes the long-
time average of every one- or two-body observable exactly
at finite L. In a similar manner, we can systematically
construct the N -body GGE that is exact for all up-to-
N -body observables at finite system size.
In practice, it is a hard task both analytically and nu-
merically to determine all the generalized temperatures
for the exact N -body NCGGE for N ≥ 2 since it is es-
sentially a many-body problem. Below, we discuss some
special NCGGEs of practical relevance: the exact one-
body and approximate two-body NCGGEs.
Application of exact one-body NCGGE.— As shown
above, the one-body NCGGE (8) exactly describes all
the one-body observables unlike the conventional CGGE.
We further study how this NCGGE works for two-body
observables. Fortunately, we can analytically obtain the
generalized temperatures λk and ωk. Although we leave
he det il in Supple ental Mate ial [? ], a impor-
tant idea is to perform a unitary transformation in each
(k,−k) subspace: (dˆk, dˆ−k) = Uk(cˆk, cˆ−k), which diago-
nalizes the exponent in Eq. (8). Then we have a diagonal
form
ρˆ1NC =
1
Z1NC
∏
k
exp
(
−ηk Iˆdk
)
, (11)
where Iˆdk = d
†
kdk is the conserved quantity in the new
basis and ηk is some linear combination of λk and ωk.
Equation (11) is useful for obtaining the generalized tem-
peratures [? ].
(———- Ikeda hasn’t made revision below ————)
To test the accuracy of ρˆ1NC, we consider, for example,
the following initial state:
We show the one-body NCGGE describes the dynam-
ics more accurately than the CGGE in the qualitative
and quantitative perspective. In order to do this, we
study how much the one-body NCGGE fit the two-body
conserved quantities, then study the dynamics of the two
body observables in the one-body NCGGE.
Firstly, we study how much the one-body NCGGE
can fit the two-body conserved quantities Iˆdk Iˆ
d
q . The
initial state is the ground state of a hard wall box,
like igol 2007, then let the fer ions expand freely to
t e circ it, ic is t e fi l eri ic r c -
i i f i . i ill -
〈n0nj〉
| 〈ninj〉1NG − 〈ninj〉LT | | 〈ninj〉2NG − 〈ninj〉LT | | 〈ninj〉CG − 〈ninj〉LT |
| 〈ninj〉 NG − 〈ninj〉LT | | 〈IˆkIˆq〉ini − 〈IˆkIˆq〉NG |
〈 ˆ〉GGE Tr[ρˆGGE ˆ]
| 〈Iˆdk Iˆdq 〉ini 〈Iˆdk Iˆdq 〉1 G |
[ pi ] (1)
[ ] (2)
(3)
(4)
(5)
(6)
(7)
1
〈n0nj〉
| 〈ninj〉1NG − 〈ninj〉LT | | 〈ninj〉2NG − 〈ninj〉LT | | 〈ninj〉CG − 〈ninj〉LT |
| 〈ninj〉tNG − 〈ninj〉LT | | 〈IˆkIˆq〉ini − 〈IˆkIˆq〉NG |
〈Oˆ〉GGE = Tr[ρˆGGEOˆ]
| 〈Iˆdk Iˆdq 〉ini − 〈Iˆdk Iˆdq 〉1NG |
k [2pi/L] (1)
q [2pi/L] (2)
(3)
(4)
(5)
4 (6)
(7)
1
〈n0 j〉
| 〈ninj〉1 〈 i j i j 〈 i j〉LT |
| 〈ninj〉t 〈 i j
〈 ˆ〉G r[ ]
| 〈Iˆdk Iˆdq 〉ini 〈Idk q |
(1)
(2)
(3)
(4)
(5)
(6)
(7)
〈n0nj〉
| 〈ninj〉1NG − 〈ninj〉 | | 〈 i j〉2 〈 i j〉 | | 〈 i j〉CG − 〈ninj〉LT |
| 〈ninj〉tNG − 〈ninj〉 T | | 〈 q〉i i 〈 q〉 |
〈Oˆ〉GGE = Tr[ρˆGGE ˆ]
| 〈Iˆk Iˆdq 〉ini − 〈Iˆdk Iˆdq 〉1
(1)
(2)
(3)
(4)
(5)
(6)
(7)
1
〈n0 j〉
| 〈ninj〉1 〈 i j〉 | | 〈 i j〉 G 〈 i j〉 | | 〈 i j〉 〈 i j〉LT |
| 〈ninj〉t 〈 i j | | i i |
〈 ˆ〉G r[ ]
| 〈Iˆdk Iˆdq 〉ini 〈Idk q |
(1)
(2)
(3)
(4)
(5)
(6)
(7)
(8)
(9)
1
〈n0nj〉
| 〈ninj〉1NG − inj〉LT | | 〈 inj〉2NG − 〈ninj〉LT | | 〈ninj〉CG − 〈ninj〉LT |
| 〈ninj〉tNG − 〈ninj〉LT | | 〈IˆkIˆq〉ini − 〈IˆkIˆq〉NG |
〈Oˆ〉GGE = Tr[ρˆGGEOˆ]
| 〈Iˆdk Iˆdq 〉ini − 〈Iˆdk Iˆdq 〉1NG |
k [2pi/ ] (1)
q [2pi/ ] (2)
(
1
FIG. 1. (a) Schematic illustration of dynamics protocol. (b)
Illustration of two initial states |ψAini〉 and |ψBini〉. Filled circles
represent the occupied one-particle energy eigenstates.
FIG. 2. The values of additional conserved quantities
| 〈Jˆk〉ini | in the initial states |ψAini〉 and |ψBini〉 with L = 600,
Lini = 360, and N = 120. Results are not shown for k < 0
since | 〈Jˆk〉ini | = | 〈Jˆ−k〉ini | .
a quantitative comparison of the local observables, we
plot the expectation values of nˆj nˆj+1 in Fig. 4(a) and
the errors of the GGEs | 〈nˆj nˆj+1〉GGE − 〈nˆj nˆj+1〉LT | in
Fig. 4(b). We find that ρˆ1NC describes the long-time
average 〈nˆj nˆj+1〉LT better than the CGGE for most j in
Fig. 4. It is noteworthy that the ρˆ1NC captures the char-
acteristic peaks of 〈nˆj nˆj+1〉LT while the CGGE cannot.
These characteristic peaks are related to the inversion
symmetry and not present for |ψAini〉 (see Appendix G),
for which the improvement by ρˆ1NC is only quantitative
(data not shown).
We also examine how the errors scale in the system
size L with ratios N/Lini and Lini/L held fixed. We
define the averaged error of the density-density corre-
lation by ∆ave ≡
∑
j | 〈nˆj nˆj+1〉GGE − 〈nˆj nˆj+1〉LT |/L,
which is plotted for GGEs at several system sizes in
Fig. 5(b). The error is much smaller for ρˆ1NC, and
decreases as ∝ 1/L to vanish in the thermodynamic
limit for both GGEs [58]. Thus, the CGGE also be-
comes accurate in this limit on average. However, when
we use a more strict definition for the error defined by
∆max ≡ maxj | 〈nˆinˆj+1〉GGE−〈nˆj nˆj+1〉LT |, we come to a
different conclusion: the one-body NCGGE becomes ac-
curate as L→∞ while the CGGE does not, as shown in
FIG. 3. Error of GGEs | 〈nˆinˆj〉GGE − 〈nˆinˆj〉LT | for
the density-density correlation between sites i and j calcu-
lated with the (a) CGGE, (b) one-body NCGGE, (c) trig-
onal NCGGE, and (d) two-body NCGGE with L = 600,
Lini = 360, and N = 120. In all panels, we use the initial
state |ψBini〉, and implicitly assume the normal ordering for
nˆinˆj (see footnote [57]).
Fig. 5(a). This is due to the characteristic peaks shown
in Fig. 4 and the maximum error of the CGGE occurs at
the high-symmetry points j = Lini/2 and (Lini + L)/2.
For the other initial state |ψAini〉, as L increases, ∆max of
the CGGE also decreases as ∝ 1/L because there are no
characteristic peaks, which cannot be captured by the
CGGE. These results show that the one-body NCGGE
improves the GGE prediction quantitatively as a whole,
but some of the local correlations such as nLini/2nLini/2+1
can be improved by one-body NCGGE qualitatively from
the CGGE. The NCGGE can be necessary for accurately
describing the actual stationary state even in the ther-
modynamic limit, depending on the initial state.
VI. IMPROVEMENT OF EXACT ONE-BODY
NCGGE
A. Trigonal NCGGE
Although it is difficult to implement the exact two-
body NCGGE, we can partly include two-body conserved
quantities, improving the one-body NCGGE. To inspect
which conserved quantities are important, we calculate
| 〈Iˆdk Iˆdq 〉ini − 〈Iˆdk Iˆdq 〉1NC |, and find that most deviations
6FIG. 4. (a) Expectation values of local density-density corre-
lation of 〈njnj+1〉 in the CGGE, one-body NCGGE, trigonal
NCGGE, two-body NCGGE, and long-time average for the
initial state |ψBini〉 with L = 600, Lini = 360, and N = 120.
There are the characteristic peaks which cannot be captured
by the CGGE at the high-symmetry points of the initial state
|ψBini〉, j = Lini/2 and (Lini + L)/2. At the high-symmetry
points, the expectation value of the correlation function in
long-time average and NCGGEs are zero, but the CGGE does
not. (b) Error of GGEs | 〈nˆj nˆj+1〉GGE − 〈nˆj nˆj+1〉LT | for the
local density-density correlation between sites j and j + 1.
reside around the diagonal (k = q) and anti-diagonal
(k = −q) components (see Appendix F). Noting that
(Iˆdk )
2 = Iˆdk , we take the products of the adjacent pairs
Iˆdk Iˆ
d
k+∆k with ∆k = 2pi/L, defining the following trigonal
NCGGE:
ρˆtNC =
1
ZtNC
exp
[
−
∑
k
(
η˜k Iˆ
d
k + Λk Iˆ
d
k Iˆ
d
k+∆k
)]
, (15)
where ZtNC is defined by TrρˆtNC = 1. Remarkably, we
can efficiently obtain the generalized temperatures η˜k
and Λk numerically by a method similar to the trans-
fer matrix for the one-dimensional Ising model (see Ap-
pendix D).
The trigonal NCGGE thus implemented leads to a
quantitative improvement of the one-body NCGGE. The
1/𝐿
4
initial hard wall box
3
imposed, and cˆi (cˆ
†
i ) is the annihilation (creation) op-
erator for the spinless fermion at site i: {cˆi, cˆ†j} = δij
and {cˆi, cˆj} = {cˆ†i , cˆ†j} = 0 for all i and j. We have
introduce the Fourier transform cˆk = L
−1/2∑
k e
−ikj cˆj
and "k = −2 cos k, where k = 2pim/L (m ∈ Z) with
−pi < k ≤ pi.
At one-body level, this Hamiltonian has two kinds of
conserved quantities:
Iˆk = cˆ
†
k cˆk, Jˆk = cˆ
†
−k cˆk (7)
While only Iˆk is usually considered in the literature [? ],
Jˆk arising from the double degeneracy "k = "−k except
k = 0 and pi is also allowed in the NCGGE. The set of
these conserved quantities are nonconmmutative due to
the algebra [Iˆk, Jˆ±k] = ∓Jˆ±k and [Jˆk, Jˆ−k] = Iˆ−k − Iˆk
(all other commutators vanish).
We define the GGE with all the one-body conserved
quantities in Eq. (7) as the one-body NCGGE:
ρˆ1NC =
1
Z1NC
exp
[
−
∑
k
(λk Iˆk + ωkJˆk)
]
, (8)
where Z1NC = Tre
−∑k(λk Iˆk+ωkJˆk) and λk (= λ∗k) and ωk
(= ω∗−k) are the generalized temperatures determined by
〈Iˆk〉1NC = 〈Iˆk〉ini , 〈Jˆk〉1NC = 〈Jˆk〉ini (9)
for every k.
Remarkably, the one-body NCGGE thus constructed
describe, without an error, long-time averages of all the
one-body observables. To show this, we take an arbi-
trary one-body observable Aˆ(1) =
∑
k,q Akq cˆ
†
k cˆq and con-
sider its long-time average. Utilizing the Heisenberg pic-
ture, cˆk(t) ≡ eiHˆtcˆke−iHˆt = e−i#ktcˆk and cˆ†k(t) = ei#ktcˆ†k,
we obtain 〈Aˆ(1)〉LT =
∑
k,q Akq 〈cˆ†k cˆq〉ini ei(#k−#q)t =∑
k(Akk 〈Iˆk〉ini + Ak,−k 〈Jˆk〉ini). We emphasize that the
long-time average has been nonvanishing only for "k = "q
and this condition is equivalent to that cˆ†k cˆq is a conserved
quantity since [Hˆ, cˆ†k cˆq] = ("k − "q)cˆ†k cˆq. On the other
hand, we have, for the one-body NCGGE, 〈Aˆ(1)〉1NC =∑
k(Akk 〈Iˆk〉1NC+Ak,−k 〈Jˆk〉1NC) since 〈cˆ†k cˆq〉1NC = 0 for
"k 6= "q. Using Eq. (9), we obtain
〈Aˆ(1)〉1NC = 〈Aˆ(1)〉LT ∀Aˆ(1) (10)
even when the system size L is finite. This is a remark-
able property that the conventional CGGE does not have.
The CGGE is defined only with Iˆk and cannot be exact
at finite L.
The above exactness of the one-body NCGGE nat-
urally let us find the exact N -body NCGGE. Let us
first consider the N = 2 case and take a two-body
observable Aˆ(2) =
∑
k1,k2,q1,q2
Ak1k2;q1q2 cˆ
†
k1
cˆ†k2 cˆq2 cˆq1 .
Its long-time average is given by 〈Aˆ(2)〉LT =
∑′
k1,k2,q1,q2
Ak1k2;q1q2 〈cˆ†k1 cˆ
†
k2
cˆq2 cˆq1〉ini, where
∑′
means
the restriction of the sum to "k1 + "k2 = "q1 + "q2 . Here
we note that every Cˆk1k2q1q2 ≡ cˆ†k1 cˆ
†
k2
cˆq2 cˆq1 in the re-
stricted sum is a conserved quantity. These two-body
conserved quantities include the products of two one-
body conserved quantities (7) as well as others due to
accidental degeneracy such as c†pi
2−kc
†
pi
2−qc
pi
2+q
cpi
2+k
. If we
define the two-body NCGGE ρˆ2NC by 〈Cˆk1k2q1q2〉2NC =
〈Cˆk1k2q1q2〉ini and Eq. (9) for 2NC, one can easily show
〈Aˆ(n)〉2NC = 〈Aˆ(n)〉LT (∀Aˆ(n)) for (n = 1 and 2). Thus,
we have obtained the NCGGE that describes the long-
time average of every one- or two-body observable exactly
at finite L. In a similar manner, we can systematically
construct the N -body GGE that is exact for all up-to-
N -body observables at finite system size.
In practice, it is a hard task both analytically and nu-
merically to determine all the generalized temperatures
for the exact N -body NCGGE for N ≥ 2 since it is es-
sentially a many-body problem. Below, we discuss some
special NCGGEs of practical relevance: the exact one-
body and approximate two-body NCGGEs.
Application of exact one-body NCGGE.— As shown
above, the one-body NCGGE (8) exactly describes all
the one-body observables unlike the conventional CGGE.
We further study how this NCGGE works for two-body
observables. Fortunately, we can analytically obtain the
generalized temperatures λk and ωk. Although we leave
the detail in Supplemental Material [? ], an impor-
tant idea is to perform a unitary transformation in each
(k,−k) subspace: (dˆk, dˆ−k) = Uk(cˆk, cˆ−k), which diago-
nalizes the exponent in Eq. (8). Then we have a diagonal
form
ρˆ1NC =
1
Z1NC
∏
k
exp
(
−ηk Iˆdk
)
, (11)
where Iˆdk = d
†
kdk is the conserved quantity in the new
basis and ηk is some linear combination of λk and ωk.
Equation (11) is useful for obtaining the generalized tem-
peratures [? ].
(———- Ikeda hasn’t made revision below ————)
To test the accuracy of ρˆ1NC, we consider, for example,
the following initial state:
We show the one-body NCGGE describes the dynam-
ics more accurately than the CGGE in the qualitative
and quantitative perspective. In order to do this, we
study how much the one-body NCGGE fit the two-body
conserved quantities, then study the dynamics of the two
body observables in the one-body NCGGE.
Firstly, we study how much the one-body NCGGE
can fit the two-body conserved quantities Iˆdk Iˆ
d
q . The
initial state is the ground state of a hard wall box,
like Rigol 2007, then let the fermions expand freely to
the circuit, which is the final periodic boundary con-
dition system of system size L. The set up is illus-
trated in Fig.1. This initial state is written as |ψAini〉 =∏N
n=1
(∑L
j=1 Pnj cˆ
†
j
)
|0〉 where Pnj =
√
1
Lini+1
sin( pinjLini+1 )
t<0
t>0
site(a) (b)
〈n0nj〉
| 〈ninj〉1NG − 〈ninj〉LT | | 〈ninj〉2NG − 〈ninj〉LT | | 〈ninj〉CG − 〈ninj〉LT |
| 〈ninj〉tNG − 〈ninj〉LT | | 〈IˆkIˆq〉ini − 〈IˆkIˆq〉NG |
〈Oˆ〉GGE = Tr[ρˆGGEOˆ]
| 〈Iˆdk Iˆdq 〉ini − 〈Iˆdk Iˆdq 〉1NG |
k [2pi/L] (1)
q [2pi/L] (2)
ϕ1 (3)
ϕ2 (4)
ϕ3 (5)
ϕ4 (6)
(7)
1
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| 〈ninj〉1NG − 〈ninj〉LT | | 〈ninj〉2NG − 〈ninj〉LT | | 〈ninj〉CG − 〈ninj〉LT |
| 〈ninj〉tNG − 〈ninj〉LT | | 〈IˆkIˆq〉ini − 〈IˆkIˆq〉NG |
〈Oˆ〉GGE = Tr[ρˆGGEOˆ]
| 〈Iˆdk Iˆdq 〉ini − 〈Iˆdk Iˆdq 〉1NG |
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1
FIG. 1. (a) Schematic illustration of dynamics protocol. (b)
Illustration of two initial states |ψAini〉 and |ψBini〉. Filled circles
represent the occupied one-particle energy eigenstates.
diagonalizes the exponent in Eq. (8). Then we have a
diagonal form
ρˆ1NC =
1
Z1NC
∏
k
exp
(
−ηk Iˆdk
)
, (11)
where Iˆdk = dˆ
†
kdˆk is the conserved quantity in the new
basis and ηk is some linear combination of λk and ωk.
Equation (11) is useful for obtaining the generalized tem-
peratures (see Supplemental Material).
To test the accuracy of ρˆ1NC, we consider a concrete
initial state and its dynamics under the Hamiltonian (6).
As shown in Fig. 1(a), we suppose an initial hard wall
box, which confines N particles to the sites 1 ≤ i ≤ Lini
(N ≤ Lini). The one-particle energy eigenstates within
the box are ϕn(j) = (Lini+1)
−1/2 sin[pinj/(Lini+1)] as il-
lustrated in Fig. 1(b). Introducing the creation operators
for these eigenstates as Φ†n =
∑L
j=1 ϕn(j)cˆ
†
j , we consider
the following two initial states: the ground state |ψAini〉 =∏N
n=1 Φ
†
n |0〉 and an excited state |ψBini〉 =
∏N
n=1 Φ
†
2n |0〉
(for N ≤ Lini/2). We remove the hard wall box instanta-
neously at time t = 0, let these initial states evolve under
Hˆ, or freely expand into the entire L sites, and analyze
the long-time average of various observables.
To compare the one-body GGE and the conventional
CGGE, we consider some two-body observables since we
have already shown that one-body observables are ex-
actly described by the one-body GGE. For a clear com-
parison, we first take |ψBini〉 and focus on the density-
density correlation nˆinˆj (ni ≡ cˆ†i cˆi) [57] and calculate
the error of GGEs | 〈nˆinˆj〉GGE − 〈nˆinˆj〉LT |, where GGE
means the one-body NCGGE (1NC) or CGGE (C). We
plot these errors in Figs. 2(a) and (b), finding ρˆ1NC more
accurate than the CGGE as a whole. For a quantitative
comparison, we plot the expectation values of nˆ1nˆj in
Fig. 2(d), in which We find that ρˆ1NC describes the long-
time average 〈nˆ1nˆj〉LT better than the CGGE for most
j. It is noteworthy that the ρˆ1NC captures the character-
istic peaks of 〈nˆ1nˆj〉LT while the CGGE cannot. These
characteristic peaks are related to the inversion symme-
try and not present for |ψAini〉, for which the improvement
by ρˆ1NC is only quantitative (data not shown).
We also examine how the errors scale in the system size
L with ratios N/Lini and Lini/L held fixed. We define
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〈Oˆ〉GGE = Tr[ρˆGGEOˆ]
| 〈Iˆdk Iˆdq 〉ini − 〈Iˆdk Iˆdq 〉1NG |
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FIG. 2. Error of GGEs | 〈nˆinˆj〉GGE − 〈nˆinˆj〉LT | for the
density-density correlation between sites i and j calculated
with the (a) CGGE, (b) one-body NCGGE, and (c) trig-
onal NCGGE. (d) The expectation value of density-density
correlation 〈n1nj〉 in the CGGE, one-body NCGGE, trigonal
NCGGE, and long-time average. In panels (a–d), L = 600,
Lini = 360, and N = 120. (e) The L-dependence of the maxi-
mum (∆max) and averaged (∆ave) errors of GGEs calculated
with Lini/L = 3/5 and N/Lini = 1/3 held fixed. In all pan-
els, we use the initial state |ψBini〉, and implicitly assume the
normal ordering for nˆinˆj (see footnote [55]).
the averaged error of the density-density correlation by
∆ave ≡
∑
i,j | 〈nˆinˆj〉GGE−〈nˆinˆj〉LT |/L2, which is plotted
for GGEs at several system sizes in Fig. 2(e). The error
is much smaller for ρˆ1NC, and decreases as ∝ 1/L to
vanish in the thermodynamic limit for both GGEs [58].
Thus, the CGGE also becomes accurate in this limit on
average. However, when we use a more strict definition
for the error defined by ∆max ≡ maxi,j | 〈nˆinˆj〉GGE −〈nˆinˆj〉LT |, we come to a different conclusion: the one-
body NCGGE becomes accurate as L → ∞ while the
CGGE does not as shown in Fig. 2(e). This is due to
1/𝐿 ∝
(a)
∝ 1/𝐿
4
initial hard wall box
3
imposed, and cˆi (cˆ
†
i ) is the annihilation (creation) op-
erator for the spinless fermion at site i: {cˆi, cˆ†j} = δij
and {cˆi, cˆj} = {cˆ†i , cˆ†j} = 0 for all i and j. We have
introduce the Fourier transform cˆk = L
−1/2∑
k e
−ikj cˆj
and "k = −2 cos k, where k = 2pim/L (m ∈ Z) with
−pi < k ≤ pi.
At one-body level, this Hamiltonian has two kinds of
conserved quantities:
Iˆk = cˆ
†
k cˆk, Jˆk = cˆ
†
−k cˆk (7)
While only Iˆk is usually considered in the literature [? ],
Jˆk arising from the double degeneracy "k = "−k except
k = 0 and pi is also allowed in the NCGGE. The set of
these conserved quantities are nonconmmutativ du to
the algebra [Iˆk, Jˆ±k] = ∓Jˆ±k and [Jˆk, Jˆ−k] = Iˆ−k − Iˆk
(all other commutators vanish).
We define the GGE with all the one-body conserved
quantities in Eq. (7) as the one-body NCGGE:
ρˆ1 =
1
Z1NC
exp
[
−
∑
k
(λk Iˆk + ωkJˆk)
]
, (8)
where Z1NC = Tre
−∑k(λk Iˆk+ωkJˆk) and λk (= λ∗k) and ωk
(= ω∗−k) are the generalized temperatures determined by
〈Iˆk〉1NC = 〈Iˆk〉ini , 〈Jˆk〉1NC = 〈Jˆk〉ini (9)
for every k.
Remarkably, the one-body NCGGE thus constructed
describe, without an error, long-time averages of all the
one-body observables. To show this, we take an arbi-
trary one-body observable Aˆ(1) =
∑
k,q Akq cˆ
†
k cˆq and con-
sider its long-time average. Utilizing the Heisenberg pic-
ture, cˆk(t) ≡ eiHˆtcˆke−iHˆt = e−i#ktcˆk and cˆ†k(t) = ei#ktcˆ†k,
we obtain 〈Aˆ(1)〉LT =
∑
k,q Akq 〈cˆ†k cˆq〉ini ei(#k−#q)t =∑
k(Akk 〈Iˆk〉ini + Ak,−k 〈Jˆk〉ini). We emphasize that the
long-time average has been nonvanishing only for "k = "q
and this conditio is equivalent to that cˆ†k cˆq is a conserved
quantity since [Hˆ, cˆ†k cˆq] = ("k − "q)cˆ†k cˆq. On the other
hand, we have, for the one-body NCGGE, 〈Aˆ(1)〉1NC =∑
k(Akk 〈Iˆk〉1NC+A ,−k 〈Jˆk〉1NC) since 〈cˆ†k cˆq〉1NC = 0 for
"k 6= "q. Using Eq. (9), we obtain
〈Aˆ(1)〉1NC = 〈Aˆ(1)〉LT ∀Aˆ(1) (10)
even when the system size L is finite. This is a remark-
able property that the conventional CGGE does not have.
The CGGE is defined only with Iˆk and cannot be exact
at finite L.
The above exactness of the one-body NCGGE nat-
urally let us find the exact N -body NCGGE. Let us
first consider the N = 2 case and take a two-body
observable Aˆ(2) =
∑
k1,k2,q1,q2
Ak1k2;q1q2 cˆ
†
k1
cˆ†k2 cˆq2 cˆq1 .
Its long-time average is given by 〈Aˆ(2)〉LT =
∑′
k1,k2,q1,q2
Ak1k2;q1q2 〈cˆ†k1 cˆ
†
k2
cˆq2 cˆq1〉ini, where
∑′
means
the restriction of the sum to "k1 + "k2 = "q1 + "q2 . Here
we note that every Cˆk1k2q1q2 ≡ cˆ†k1 cˆ
†
k2
cˆq2 cˆq1 in the re-
stricted sum is a conserved quantity. These two-body
conserved quantities include the products of two one-
body conserved quantities (7) as well as others due to
accidental degeneracy such as c†pi
2−kc
†
pi
2−qc
pi
2+q
cpi
2+k
. If we
define the two-body NCGGE ρˆ2NC by 〈Cˆk1k2q1q2〉2NC =
〈Cˆk1k2q1q2〉ini and Eq. (9) for 2NC, one can easily show
〈Aˆ(n)〉2NC = 〈Aˆ(n)〉LT (∀Aˆ(n)) for (n = 1 and 2). Thus,
we have obtained the NCGGE that describes the long-
time ave age of every one- or two-body observable exactly
at finite L. In a similar manner, we can systematically
construct the N -body GGE that is exact for all up-to-
N -body observables at finite system size.
In practice, it is a hard task both analytically and nu-
merically to determine all the generalized temperatures
for the exact N -body NCGGE for N ≥ 2 since it is es-
sentially a many-body problem. Below, we discuss some
special NCGGEs of practical relevance: the exact one-
body and approximate two-body NCGGEs.
Application of exact one-body NCGGE.— As shown
above, the one-body NCGGE (8) exactly describes all
the one-body observables unlike the conventional CGGE.
We further study how this NCGGE works for two-body
observables. Fortunately, we can analytically obtain the
generalized temperatures λk and ωk. Although we leave
the detail in Supplemental Material [? ], an impor-
tant idea is to perform a unitary transformation in each
(k,−k) subspace: (dˆk, dˆ−k) = Uk(cˆk, cˆ−k), which diago-
nalizes th exponent in Eq. (8). Then we have a diagonal
f rm
ρˆ1NC =
1
Z1NC
∏
k
exp
(
−ηk Iˆdk
)
, (11)
where Iˆdk = d
†
kdk is the conserved quantity in the new
basis and ηk is some linear combination of λk and ωk.
Equation (11) is useful for obtaining the generalized tem-
peratures [? ].
(———- Ikeda hasn’t made revision below ————)
To test the accuracy of ρˆ1NC, we co sider, for example,
the following initial state:
We show the one-body NCGGE describes the dynam-
ics more accurately th n the CGGE in the qualitative
and quantitative perspective. In order to do this, we
study how much the one-body NCGGE fit the two-body
conserved quantities, then study the dynamics of the two
body observables in the one-body NCGGE.
Firstly, we study how much the one-body NCGGE
can fit the two-body conserved quantities Iˆdk Iˆ
d
q . The
initial state is the ground state of a hard wall box,
like Rigol 2007, then let the fermions expand freely to
the circuit, which is the final periodic boundary con-
dition system of system size L. The set up is illus-
trated in Fig.1. This initial state is written as |ψAini〉 =∏N
n=1
(∑L
j=1 Pnj cˆ
†
j
)
|0〉 where Pnj =
√
1
Lini+1
sin( pinjLini+1 )
t<0
t>0
site(a) (b)
〈n0nj〉
| 〈ninj〉1NG − 〈ninj〉LT | | 〈ninj〉2NG − 〈ninj〉LT | | 〈ninj〉CG − 〈ninj〉LT |
| 〈ninj〉tNG − 〈ninj〉LT | | 〈IˆkIˆq〉ini − 〈IˆkIˆq〉NG |
〈Oˆ〉GGE = Tr[ρˆGGEOˆ]
| 〈Iˆdk Iˆdq 〉ini − 〈Iˆdk Iˆdq 〉1NG |
k [2pi/L] (1)
q [2pi/L] (2)
ϕ1 (3)
ϕ2 (4)
ϕ3 (5)
ϕ4 (6)
(7)
1
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FIG. 1. (a) Schematic illustration of dynamics protocol. (b)
Illustration of two initial states |ψAini〉 and |ψBini〉. Filled circles
represent the occupied one-particle energy eigenstates.
diagonalizes the exponent in Eq. (8). Then we have a
diagonal form
ρˆ1NC =
1
Z1NC
∏
k
exp
(
−ηk Iˆdk
)
, (11)
where Iˆdk = dˆ
†
kdˆk is the conserved quantity in the new
basis and ηk is some linear combination of λk and ωk.
Equation (11) is useful for obtaining the generalized tem-
peratures (see Supplemental Material).
To test the accuracy of ρˆ1NC, we consider a concrete
initial state and its dynamics under the Hamiltonian (6).
As shown in Fig. 1(a), w suppose an initial hard wall
box, which confines N particles to the sites 1 ≤ i ≤ Lini
(N ≤ Lini). The one-particle energy eigenstates within
the box are ϕn(j) = (Lini+1)
−1/2 si [pinj/(Lini+1)] as il-
lustrated in Fig. 1(b). Introducing the creation operators
for these eigenstates as Φ†n =
∑L
j=1 ϕn(j)cˆ
†
j , we consider
the following two initial states: the ground state |ψAini〉 =∏N
n=1 Φ
†
n |0〉 and an excited state |ψBini〉 =
∏N
n=1 Φ
†
2n |0〉
(for N ≤ Lini/2). W remove the hard wall box instanta-
neously t time t = 0, let these initial states evolve under
Hˆ, or freely expand into the entire L sites, and analyze
the long-time average of various observables.
To compare the one-body GGE and the conventional
CGGE, we consider some two-body observables since we
have already shown that one-body observables are ex-
actly described by the one-body GGE. For a clear com-
parison, we first take |ψBini〉 and focus on the density-
density correlation nˆinˆj (ni ≡ cˆ†i cˆi) [57] and calculate
the error of GGEs | 〈nˆinˆj〉GGE − 〈nˆinˆj〉LT |, where GGE
means the one-body NCGGE (1NC) or CGGE (C). We
plot these errors in Figs. 2(a) and (b), finding ρˆ1NC more
accurate than the CGGE as a whole. For a quantitative
comparison, we plot the expectation values of nˆ1nˆj in
Fig. 2(d), in which We find that ρˆ1NC describes the long-
time average 〈nˆ1nˆj〉LT better than the CGGE for most
j. It is noteworthy that the ρˆ1NC captures the character-
istic peaks of 〈nˆ1nˆj〉LT while the CGGE cannot. These
characteristic peaks are related to the inversion symme-
try and not present for |ψAini〉, for which the improvement
by ρˆ1NC is only quantitative (data not shown).
We also examine how the errors scale in the system size
L with ratios N/Lini and Lini/L held fixed. We define
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FIG. 2. Error of GGEs | 〈nˆinˆj〉GGE − 〈nˆinˆj〉LT | for the
density-density correlation between sites i and j calculated
with the (a) CGGE, (b) one-body NCGGE, and (c) trig-
onal NCGGE. (d) The expectation value of density-density
correlation 〈n1nj〉 in the CGGE, one-body NCGGE, trigonal
NCGGE, and long-time average. In panels (a–d), L = 600,
Lini = 360, and N = 120. (e) The L-dependence of the maxi-
mum (∆max) and averaged (∆ave) errors of GGEs calculated
with Lini/L = 3/5 and N/Lini = 1/3 held fixed. In all pan-
els, we use the initial state |ψBini〉, and implicitly assume the
normal ordering for nˆinˆj (see footnote [55]).
the averaged error of the density-density correlation by
∆ave ≡
∑
i,j | 〈nˆinˆj〉GGE−〈nˆinˆj〉LT |/L2, which is plotted
for GGEs at several system sizes in Fig. 2(e). The error
is much smaller for ρˆ1NC, and decreases as ∝ 1/L to
vanish in the thermodynamic limit for both GGEs [58].
Thus, the CGGE also becomes accurate in this limit on
average. However, when we use a more strict definition
for the error defined by ∆max ≡ maxi,j | 〈nˆinˆj〉GGE −〈nˆinˆj〉LT |, we come to a different conclusion: the one-
body NCGGE becomes accurate as L → ∞ while the
CGGE does not as shown in Fig. 2(e). This is due to
1/𝐿
(b)
FIG. 5. The L-dependence of (a) maximu ∆max errors and
(b) averaged ∆ave errors of the expectation values of local
density-density correlation of 〈njnj+1〉 in the GGEs calcu-
lated with Lini/L = 3/5 and N/Lini = 1/3 held fixed. The
initial state is |ψBini〉, and L, Lini, and N are all even at every
data point.
error of the two-body conserved quantities Iˆdk Iˆ
d
q in both
initial state |ψA〉 and |ψB〉 is reduced near the diagonal
(k = q) components (see Appendix F).
B. two-body NCGGE
When we take all the two-body conserved quantities
Iˆdk Iˆ
d
q into the GGE, the explicit calculation of the gen-
eralized temperatures is a very hard task. We call this
ideal ensemble as the two-body NCGGE. We remark that
this two-body NCGGE is different from the exact two-
body NCGGE, which also involves two-body conserved
quantities not in the form of Iˆdk Iˆ
d
q .
Interestingly, without having the generalized tempera-
tures, we can calculate the expectation value of the ob-
servables in the two-body NCGGE in the free fermion
model from the information of the initial conditions. The
density matrix of two-body NCGGE is formally written
as
ρˆ2NC =
1
Z2NC
exp
−∑
k
η˜k Iˆ
d
k −
∑
k>q
Λkq Iˆ
d
k Iˆ
d
q
 . (16)
7Let us consider a general two-body observable
Aˆ(2) =
∑
k1,k2,q1,q2
A˜k1k2;q1q2 dˆ
†
k1
dˆ†k2 dˆq2 dˆq1 in the
two-body NCGGE. In taking its expectation value for
ρˆ2NC, only two kinds of contributions k1 = q1 and
k2 = q2 or k1 = q2 and k2 = q1 are nonvanishing
〈Aˆ(2)〉2NC =
∑
kq
(A˜kq;kq − A˜kq;qk) 〈Iˆdk Iˆdq 〉2NC (17)
=
∑
kq
(A˜kq;kq − A˜kq;qk) 〈Iˆdk Iˆdq 〉ini . (18)
To obtain the last equality, we have used the determining
equations for the generalized temperatures, 〈Iˆdk Iˆdq 〉2NC =
〈Iˆdk Iˆdq 〉ini.
We plot in Fig. 3 the error of the trigonal NCGGE (c)
and the two-body NCGGE (d) for the density-density
correlation nˆj nˆj+1, where the initial state is |ψBini〉. In
Fig. 5, we observe qualitative features including ∆ave ∝
1/L similar to those of the one-body NCGGE. The more
two-body nonlocal conserved quantities we take into the
GGE, the more the GGE predictions of the non-local cor-
relations are improved (which corresponds to the much-
off-diagonal element in Fig. 3). We can see significant
reductions of the errors ∆ave and ∆max in Fig. 5 in both
the trigonal NCGGE and the two-body NCGGE and the
reductions are larger in the two-body NCGGE than in
the trigonal NCGGE.
VII. SUMMARY AND OUTLOOK
Introducing noncommutative sets of conserved quanti-
ties and the observable projection idea, we have system-
atically shown that the NCGGE describe the long-time
behavior of isolated quantum systems better than the
conventional CGGE. For noninteracting integrable sys-
tems, we have explicitly constructed the exact N -body
NCGGE that describes the long-time average of up-to-N -
body observables without an error even at finite system
size. Besides, we have shown that the one-body NCGGE,
the trigonal NCGGE, and the two-body NCGGE can be
numerically implemented and describe two-body observ-
ables well. We note that the additional noncommutative
conserved quantities are nonlocal. However, there exist
local observables which need these nonlocal additional
conserved quantities for qualitative description depend-
ing on the initial state. The implementation of the
NCGGE to other systems such as interacting integrable
models is an important open problem. The NCGGE may
resolve some known failures of the conventional CGGE.
We remark that the quantum-information-theoretic
thermodynamics using noncommutative conserved quan-
tities has attracted attention [59]. An experimental pro-
tocol for its realization has been proposed in small non-
integrable systems [60]. Our NCGGE arising in large in-
tegrable systems provides another route to the quantum-
information-theoretic thermodynamics.
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Appendix A: The uniqueness of the generalized
temperature in NCGGE
We will show the generalized temperature of the
NCGGE can be determined uniquely. In other words,
we will show the equation 〈Qˆα〉ini = Tr(ρˆGGEQˆα) has
a unique solution for {λα} if the conserved quantities
are linearly independent. Let S denote the real linear
space spanned by the linearly independent set of con-
served quantities {Qˆα}. All the elements of S are her-
mitian conserved quantities. The exponent of the GGE
Xˆ ≡ −∑α λαQˆα belongs to S, and ρˆGGE is written as
ρˆGGE = e
Xˆ/TreXˆ . Substituting ρˆGGE = e
Xˆ/TreXˆ into
the entropy Ψ in Eq. (4), we get
Φ(Xˆ) ≡ Ψ(ρˆGGE, {λα}) = log TreXˆ − 〈Xˆ〉ini . (A1)
The problem is reduced to the proof of the convexity of
Φ(Xˆ) over S, more specifically, the proof of the inequality
Φ((Xˆ1+Xˆ2)/2) ≤ (Φ(Xˆ1)+Φ(Xˆ2))/2, where Xˆ1, Xˆ2 ∈ S
are arbitrary. The second terms of Φ are canceled, and
what we should prove becomes
(
Tre
1
2 (Xˆ1+Xˆ2)
)2
≤
(
TreXˆ1
)(
TreXˆ2
)
. (A2)
When {Qˆα} is a commutative set, (A2) immediately
holds by using the Cauchy-Schwarz inequality as dis-
cussed below in the noncommutative case.
When {Qˆα} is a noncommutative set, we can utilize the
Golden-Thompson inequality [61] to the left hand side of
(A2) because e
1
2 Xˆ1 and e
1
2 Xˆ2 are positive semi-definite.
Then we can see
Tre
1
2 (Xˆ1+Xˆ2) ≤ Tre 12 Xˆ1e 12 Xˆ2 . (A3)
Calculating the trace of rhs of (A3) with an arbitrary
basis {|i〉} and using the Cauchy-Schwarz inequality, we
8find
(
Tre
1
2 Xˆ1e
1
2 Xˆ2
)2
=
∑
i,j
〈i|e 12 Xˆ1 |j〉 〈j|e 12 Xˆ2 |i〉
2
≤
∑
i,j
| 〈i|e 12 Xˆ1 |j〉 |2
∑
i,j
| 〈j|e 12 Xˆ2 |i〉 |2

(∵ Cauchy-Schwarz inequality)
=
(∑
i
〈i|eXˆ1 |i〉
)(∑
i
〈i|eXˆ2 |i〉
)
=
(
TreXˆ1
)(
TreXˆ2
)
. (A4)
The equality condition of the inequality is Xˆ1 ∝ Xˆ2,
which does not hold in the case that Xˆ1 and Xˆ2 do not
commute. This completes the proof. Then we can see
Φ(Xˆ) is convex over S and there is the unique minimum
Xˆ∗. Since {Qˆα} is independent each other, the coeffi-
cients of Xˆ∗ are determined uniquely, and these coeffi-
cients are the unique solution of the generalized temper-
atures. Note that this proof is the natural extension of
the commutative case.
Appendix B: validity of GGE and completeness of
conserved quantities
We show the GGE is valid when the set of the con-
served quantities is complete. The definition of the
the complete set of the conserved quantities is the
set of all the local or quasi local conserved quantities.
The conserved quantity Qˆα is local or quasilocal when
〈Aˆ, Qˆα〉2/〈Qˆα, Qˆα〉 > 0 for some normalized local observ-
able Aˆ. In Ref. [56], only translational invariant observ-
ables are considered, but we consider general observables.
Note that Aˆ⊥ is conserved quantity. When {Qˆα} is com-
plete, Aˆ⊥ vanishes in the thermodynamic limit, then the
GGE describes correctly the long time average of Aˆ in
the thermodynamic limit
〈Aˆ〉LT − 〈Aˆ〉GGE = 〈Aˆ⊥〉ini − 〈Aˆ⊥〉GGE L→∞−→ 0. (B1)
Otherwise, if Aˆ⊥ does not vanish in the thermodynamic
limit, Aˆ⊥ is the additional local or quasilocal conserved
quantity and {Qˆα} is not complete, which is inconsistent
with the assumption of the completeness of {Qˆα}. The
locality of Aˆ⊥ is seen by the identity
〈Aˆ, Aˆ⊥〉
2
〈Aˆ⊥, Aˆ⊥〉
= 〈Aˆ⊥, Aˆ⊥〉 > 0, (B2)
which is easily obtained from 〈Aˆ⊥, Aˆ⊥〉 = 〈Aˆ, Aˆ⊥〉.
Appendix C: Calculation of generalized
temperatures for one-body NCGGE
We study the explicit form of the generalized temper-
atures λk and ωk. The density matrix of the one-body
NCGGE is
ρˆ1NC =
1
Z1NC
exp
[
−
pi∑
k=−pi
(λk Iˆk + ωkJˆk)
]
, (C1)
where Z1NC = Tre
−∑k(λk Iˆk+ωkJˆk). To make the density
matrix Hermitian, we impose ω∗k = ω−k because of Jˆ
†
k =
Jˆ−k. We note that λk is real since Iˆ
†
k = Iˆk.
The generalized temperatures λk and ωk are uniquely
and explicitly determined from the conditions 〈Iˆk〉ini =
Tr[ρˆ1NCIˆk] and 〈Jˆk〉ini = Tr[ρˆ1NCJˆk] We note that ρˆ1NC
consists of product of the following (k,−k)-subspace op-
erators
Xˆk ≡ λk Iˆk + ωkJˆk + λ−k Iˆ−k + ω−kJˆ−k
=
(
cˆ†k cˆ
†
−k
)(
λk ω
∗
k
ωk λ−k
)(
cˆk
cˆ−k
)
. (C2)
Then the density matrix of the one-body NCGGE can
be written as ρˆ1NC = Z
−1
1NC
∏
k e
−Xˆk . We diagonalize the
matrix in Eq. (C2). The hermitian matrix can be written
by the liner combination of Pauli matrices and Identity
matrix(
λk ω
∗
k
ωk λ−k
)
= λ¯kI + Reωkσx + Imωkσy + ∆λkσz (C3)
= λ¯kI + ak · σ = λ¯kI + aknk · σ, (C4)
where λ¯k =
1
2 (λk + λ−k) , ∆λk =
1
2 (λk − λ−k) ,
ak = (Reωk, Imωk,∆λk), and σ = (σx, σy, σz). We
define the unit vector nk = ak/ak, where ak = |ak|.
We rotate ak · σ to σz by a unitary transformation
U†knk · σUk = σz. (C5)
Thus we obtain
U†k
(
λk ω
∗
k
ωk λ−k
)
Uk =
(
λ¯k + ak 0
0 λ¯k − ak
)
. (C6)
An explicit form of the unitary transformation is given
by
U†k = e
i
φk
2 σzei
θk
2 σy (C7)
=
(
e
i
2φ cos(θ/2) e−
i
2φ sin(θ/2)
−e i2φ sin(θ/2) e− i2φ cos(θ/2)
)
, (C8)
where θk and φk are the polar and azimuthal angles of
nk. The corresponding transformation of the annihila-
tion operators is (
dk
d−k
)
= U†k
(
ck
c−k
)
. (C9)
9Note that the unitary transformation preserves the anti-
commutation relations
{dσk, d†ρk} = (U†kUk)σρ = δσρ, (C10)
where σ and ρ = ±1. Then, Xˆk becomes
Xˆk = (λ¯k + ak)d
†
kdk + (λ¯k − ak)d†−kd−k
= ηk Iˆ
d
k + η−k Iˆ
d
−k, (C11)
where Iˆdk = d
†
kdk is the rotated conserved quantitiy and
η±k = λ¯k ± ak. The density matrix is then diagonalized
in the dk-basis as
ρˆ1NG =
1
Z1NG
pi∏
k=−pi
exp
(
−ηk Iˆdk
)
. (C12)
Note that Iˆdk commutes with each other [Iˆ
d
k , Iˆ
d
q ] = 0, and
λk and ωk are written as
λ±k = η¯k ±∆ηk cos θk, (C13)
ω±k = ∆ηke±iφk sin θk, (C14)
where η¯k = (ηk + η−k)/2,∆ηk = (ηk − η−k)/2. The
determining equations for θk, φk, and η±k are
〈Iˆ±k〉ini =
cos2 θk/2
1 + eηk
+
sin2 θk/2
1 + eη−k
, (C15)
〈Jˆ±k〉ini =
e∓iφk
2
sin θk(
1
1 + eηk
− 1
1 + eη−k
). (C16)
Solving these equations, we have
eiφk = −| 〈Jˆk〉ini |/ 〈Jˆk〉ini , (C17)
cos θk = − 〈Iˆk〉ini − 〈Iˆ−k〉ini√
(〈Iˆk〉ini − 〈Iˆ−k〉ini)2 + 4| 〈Jˆk〉ini |2
,
(C18)
sin θk =
2| 〈Jˆk〉ini |√
(〈Iˆk〉ini − 〈Iˆ−k〉ini)2 + 4| 〈Jˆk〉ini |2
, (C19)
〈Iˆd±k〉ini =
1
1 + eη±k
=
〈Iˆk〉ini + 〈Iˆ−k〉ini
2
∓
√
(〈Iˆk〉ini − 〈Iˆ−k〉ini)2/4 + | 〈Jˆk〉ini |2. (C20)
The explicit forms of φk, θk, and ηk are
φk = pi − arg 〈Jˆk〉ini , (C21)
θk = − tan−1[2|〈Jˆk〉ini|/(〈Iˆk〉ini − 〈Iˆ−k〉ini)], (C22)
ηk = log(
1
〈Iˆdk 〉ini
− 1). (C23)
Then, we obtain the generalized temperatures λk and ωk
from Eqs. (C13) and (C14).
Appendix D: determination of generalized
temperature for trigonal NCGGE
We discuss the generalized temperatures of the trigonal
NCGGE. For this purpose in this section, we introduce
an abuse of notation IˆdK for Iˆ
d
k , where K is an integer
satisfying
k = 2piK/L mod 2pi. (D1)
Then the density matrix of the trigonal NCGGE is
ρˆtNC =
1
ZtNC
exp
(
−
∑
K
η˜K Iˆ
d
K −
∑
K
ΛK Iˆ
d
K Iˆ
d
K+1
)
=
1
ZtNC
L−1∏
K=0
TK(Iˆ
d
K , Iˆ
d
K+1), (D2)
where TK(Iˆ
d
K , Iˆ
d
K+1) is the transfer matrix operator
TK(Iˆ
d
K , Iˆ
d
K+1)
= exp[−(ΛK IˆdK IˆdK+1 + (η˜K IˆdK + η˜K+1IˆdK+1))/2]. (D3)
In analogy with the Ising model in one dimension, we
define the transfer matrix as
TK =
(
TK(1, 1) TK(1, 0)
TK(0, 1) TK(0, 0)
)
=
(
e−ΛK−(ηK+ηK+1)/2 e−ηK/2
e−ηK+1/2 1
)
. (D4)
By using the transfer matrix, we can calculate the par-
tition function and the expectation values of each con-
served quantity in the trigonal NCGGE as
ZtNC = (T0T1 . . . TL−1)00 + (T0T1 . . . TL−1)11,
(D5)
〈IˆdK〉tNC =
(TKTK+1 . . . TL−1T0T1 . . . TK−1)11
ZtNC
,
(D6)
〈IˆdK IˆdK+1〉tNC =
(TK)11(TK+1 . . . TL−1T0T1 . . . TK−1)11
ZtNC
.
(D7)
We remark that the right-hand sides of these equations
can be numerically evaluated in polynomial times rather
than exponential ones.
The determining equations for the generalized tem-
peratures are 〈IˆdK〉tNC = 〈IˆdK〉init and 〈IˆdK IˆdK+1〉tNC =
〈IˆdK IˆdK+1〉ini, which are equivalent to the following self-
consistent equations for TK :
(TK)11 =
ZtNC 〈IˆdK IˆdK+1〉ini
(TK+1 . . . TL−1T0 . . . TK−1)11
, (D8)
(TK)10 =
ZtNC(〈IˆdK〉ini − 〈IˆdK IˆdK+1〉ini)
(TK+1 . . . TL−1T0 . . . TK−1)01
. (D9)
By iteratively calculating TK , we obtain the generalized
temperatures ηk and Λk.
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Appendix E: (k,−k)-subspace NCGGE
Though we cannot easily take two-body operator into
the GGE, Iˆk Iˆ−k can be easily taken into the GGE be-
cause we can diagonalize the density matrix in each (k,-
k) subspace as one-body NCGGE. However, when we use
the initial state of the product of the single particle state,
the result is the same as one-body NCGGE.
Note that Iˆk Iˆ−k is invariant in the unitary transfor-
mation, or Iˆk Iˆ−k = Iˆdk Iˆ
d
−k. We call the GGE with the
conserved quantities Iˆk, Jˆk, Iˆk Iˆ−k as the (k,-k) sub-
space GGE(sGGE). The density matrix of the sGGE is
ρˆsNG =
1
ZsNG
e−
∑
0<k<pi Yˆk , where ZsNG = Tre
−∑0<k<pi Yˆk
is the partition function and
Yˆk = λk Iˆk + ωkJˆk + λ−k Iˆ−k + ω−kJˆ−k + Γk Iˆk Iˆ−k.
(E1)
We rotate the basis as in the one-body NCGGE. The
rotated form of Yˆk by Uk is
Yˆk = ηk Iˆ
d
k + η−k Iˆ
d
−k + Γk Iˆ
d
k Iˆ
d
−k. (E2)
The definitions of these symbols are the same as the one-
body NCGGE case. The initial state expectation value
of the conserved quantities are
〈Iˆ±k〉ini = cos2
θk
2
x±k + sin2
θk
2
x∓k + yk, (E3)
〈Jˆ±k〉ini =
e∓iφk
2
sin θk(xk − x−k), (E4)
〈Iˆk Iˆ−k〉ini = yk, (E5)
where xk = e
−ηk/zk, yk = e−(ηk+η−k+Γk)/zk, zk = 1 +
e−ηk + e−η−k + e−(ηk+η−k+Γk). Solving these equations
for x±k, zk, we have
x±k =
〈Iˆk〉ini + 〈Iˆ−k〉ini
2
− 〈Iˆk Iˆ−k〉ini
±
√
(〈Iˆk〉ini − 〈Iˆ−k〉ini)2/4 + | 〈Jˆk〉ini |2, (E6)
zk =
1
1 + 〈Iˆk Iˆ−k〉ini − 〈Iˆk〉ini − 〈Iˆk〉ini
. (E7)
From this, we can see the rotation angle φk, θk is the same
as the one-body NCGGE(C21),(C22). 〈Iˆd±k〉ini is also the
same as (C20). We can calculate ηk as ηk = − log(xkzk).
Therefore we can calculate the generalized temperature
λk, ωk with (C13), (C14), (C21),(C22). Λk is obtained as
Γk = log
xkx−kzk
〈Iˆk Iˆ−k〉ini
. (E8)
We can calculate the explicit formula of the generalized
temperatures of (k,-k) subspace NCGGE because Iˆdk Iˆ
d
−k
is the operator which acts on the k,-k subspace. The
value of θk and φk are not affected wether Iˆ
d
k Iˆ
d
−k is used
〈n1nj〉
|〈ninj〉1NC − 〈ninj〉LT |
|〈ninj〉2NC − 〈ninj〉LT |
|〈ninj〉C − 〈ninj〉LT |
|〈ninj〉tNC − 〈ninj〉LT | | 〈IˆkIˆq〉ini − 〈IˆkIˆq〉NG |
〈Oˆ〉GGE = Tr[ρˆGGEOˆ]
| 〈Iˆdk Iˆdq 〉ini − 〈Iˆdk Iˆdq 〉1NG |
k [2pi/L] (1)
q [2pi/L] (2)
ϕ1 (3)
ϕ2 (4)
ϕ3 (5)
ϕ4 (6)
|ψAini〉 (7)
1 |ψBini〉 (8)
pi (9)
1
〈n1nj〉
|〈ninj〉1NC − 〈ninj〉LT |
|〈ninj〉2NC − 〈ninj〉LT |
|〈ninj〉C − 〈ninj〉LT |
|〈ninj〉tNC − 〈ninj〉LT | | 〈IˆkIˆq〉ini − 〈IˆkIˆq〉NG |
〈Oˆ〉GGE = Tr[ρˆGGEOˆ]
| 〈Iˆdk Iˆdq 〉ini − 〈IkIdq 〉1NG |
k [2pi/L] (1)
q [2pi/L] (2)
ϕ1 (3)
ϕ2 (4)
ϕ3 (5)
ϕ4 (6)
|ψAini〉 (7)
1 |ψBini〉 (8)
pi (9)
−pi (10)
0 (11)
1
〈n1nj〉
|〈ninj〉1NC − 〈ninj〉LT |
|〈 i j 2NC 〈ninj〉LT |
|〈ninj〉C − 〈ninj〉LT |
|〈ninj〉tNC − 〈ninj〉LT | | 〈IˆkIˆq〉ini − 〈IˆkIˆq〉NG |
〈Oˆ〉GGE = Tr[ρˆGGEOˆ]
| 〈Iˆdk Iˆdq 〉ini − 〈Iˆdk Iˆdq 〉1NG |
k [2pi/L] (1)
q [2pi/L] (2)
ϕ1 (3)
ϕ2 (4)
ϕ3 (5)
ϕ4 (6)
|ψAini〉 (7)
1 |ψBini〉 (8)
pi (9)
−pi (10)
0 (11)
1
〈n1nj〉
|〈ninj〉1NC − 〈ninj〉LT |
|〈ninj〉2NC − 〈ninj〉LT |
|〈ninj〉C − 〈ninj〉LT |
|〈ninj〉tNC − 〈ninj〉LT | | 〈IˆkIˆq〉ini − 〈IˆkIˆq〉NG |
〈Oˆ〉GGE = Tr[ρˆGGEOˆ]
| 〈Iˆdk Iˆdq 〉ini − 〈Iˆdk Iˆdq 〉1NG |
k [2pi/L] (1)
q [2pi/L] (2)
ϕ1 (3)
ϕ2 (4)
ϕ3 (5)
ϕ4 (6)
|ψAini〉 (7)
1 |ψBini〉 (8)
pi (9)
1
〈n1nj〉
|〈ninj〉1NC − 〈ninj〉LT |
|〈ninj〉2NC − 〈ninj〉LT |
|〈ninj〉C − 〈ninj〉LT |
|〈ninj〉tNC − 〈ninj〉LT | | 〈IˆkIˆq〉ini − 〈IˆkIˆq〉NG |
〈Oˆ〉GGE = Tr[ρˆGGEOˆ]
| 〈Iˆdk Iˆdq 〉ini − 〈Iˆdk Iˆdq 〉1NG |
k [2pi/L] (1)
q [2pi/L] (2)
ϕ1 (3)
ϕ2 (4)
3 (5)
ϕ4 (6)
|ψAini〉 (7)
1 |ψBini〉 (8)
pi (9)
−pi (10)
0 (11)
1
〈n1nj〉
|〈ninj〉1NC − 〈ninj〉LT |
|〈ninj〉2NC − 〈ninj〉LT |
|〈ninj〉C − 〈ninj〉LT |
|〈ninj〉tNC − 〈ninj〉LT | | 〈IˆkIˆq〉ini − 〈IˆkIˆq〉NG |
〈Oˆ〉GGE = Tr[ρˆGGEOˆ]
| 〈Iˆdk Iˆdq 〉ini − 〈Iˆdk Iˆdq 〉1NG |
k [2pi/ ] (1)
q [2pi/L] (2)
ϕ1 (3)
2 (4)
ϕ3 (5)
ϕ4 (6)
|ψAini〉 (7)
1 |ψBini〉 (8)
pi (9)
−pi (10)
0 (11)
1
〈n1nj〉
|〈ninj〉1NC − 〈ninj〉LT |
|〈ninj〉2NC − 〈ninj〉LT |
|〈ninj〉C − 〈ninj〉LT |
|〈ninj〉tNC − 〈ninj〉LT | | 〈IˆkIˆq〉ini − 〈IˆkIˆq〉NG |
〈Oˆ〉GGE = Tr[ρˆGGEOˆ]
| 〈Iˆdk Iˆdq 〉ini − 〈Iˆdk Iˆdq 〉1NG |
k [2pi/L] (1)
q [2pi/L] (2)
ϕ1 (3)
ϕ2 (4)
ϕ3 (5)
ϕ4 (6)
|ψAini〉 (7)
1 |ψBini〉 (8)
pi (9)
1
〈n1nj〉
|〈ninj〉1NC − 〈ninj〉LT |
|〈ninj〉2NC − 〈ninj〉LT |
|〈ninj〉C − 〈ninj〉LT |
|〈ninj〉tNC − 〈ninj〉LT | | 〈IˆkIˆq〉ini − 〈IˆkIˆq〉NG |
〈Oˆ〉GGE = Tr[ρˆGGE ]
| 〈Iˆdk Iˆdq 〉ini − 〈IkIdq 〉1NG |
k [2pi/L] (1)
q [2pi/L] (2)
ϕ1 (3)
ϕ2 (4)
ϕ3 (5)
ϕ4 (6)
|ψAini〉 (7)
1 |ψBini〉 (8)
pi (9)
−pi (10)
0 (11)
1
〈n1nj〉
|〈ninj〉1NC − 〈ninj〉LT |
|〈ninj〉2NC − inj LT |
|〈ninj〉C − 〈ninj〉L |
|〈ninj〉tNC − 〈ninj〉LT | | 〈IˆkIˆq〉ini − 〈IˆkIˆq〉NG |
〈Oˆ〉GGE = Tr[ρˆGGEOˆ]
| 〈Iˆdk Iˆdq 〉ini − 〈Iˆdk Iˆdq 〉1NG |
k [2pi/L] (1)
q [2pi/L] (2)
ϕ1 (3)
ϕ2 (4)
ϕ3 (5)
ϕ4 (6)
|ψAini〉 (7)
1 |ψBini〉 (8)
pi (9)
−pi (10
0 (11)
1
〈n1nj
|〈ninj〉1NC − 〈ninj〉LT |
|〈ninj〉2NC − 〈ninj〉LT |
|〈ninj〉C − 〈ninj〉LT |
|〈ninj〉tNC − 〈ninj〉LT | | 〈IˆkIˆq〉ini − 〈IˆkIˆq〉NG |
〈Oˆ〉GGE = Tr[ρˆGGEOˆ]
| 〈Iˆdk Iˆdq 〉ini − 〈Iˆdk Iˆdq 〉1NG |
k [2pi/L] (1)
q [2pi/L] (2)
ϕ1 (3)
ϕ2 (4)
ϕ3 (5)
ϕ4 (6)
|ψAini〉 (7)
1 |ψBini〉 (8)
pi (9)
1
〈n1nj〉
|〈ninj〉1NC − 〈ninj〉LT |
|〈ninj〉2NC − 〈ninj〉LT |
|〈ninj〉C − 〈ninj〉LT |
|〈ninj〉tNC − 〈 inj〉LT | | IˆkIˆq〉ini − 〈IˆkIˆq〉NG |
〈Oˆ〉GGE = Tr[ρˆGGEOˆ]
| 〈Iˆdk Iˆdq 〉ini − 〈Iˆdk Iˆdq 〉1NG |
k [2pi/L] (1)
q [2pi/L] (2)
ϕ1 (3)
ϕ2 (4)
ϕ3 (5)
ϕ4 (6)
|ψAini〉 (7)
1 |ψBini〉 (8)
pi (9)
−pi (10)
0 (11)
1
〈n1nj〉
|〈ninj〉1NC − 〈ninj〉LT |
|〈ni j 2NC − inj〉LT |
|〈ninj〉C − 〈ninj〉LT |
|〈ninj〉tNC − 〈ninj〉LT | | 〈IˆkIˆq〉ini − 〈IˆkIˆq〉NG |
〈Oˆ〉GGE = Tr[ρˆGGEOˆ]
| 〈Iˆdk Iˆdq 〉ini − 〈Iˆdk Iˆdq 〉1NG |
k [2pi/L] (1)
q [2pi/L] (2)
ϕ1 (3)
ϕ2 (4)
ϕ3 (5)
ϕ4 (6)
|ψAini〉 (7)
1 |ψBini〉 (8)
pi (9)
−pi (10)
0 (11)
1
〈n1nj
|〈ninj〉1NC − 〈ninj〉LT |
|〈ninj〉2NC − 〈ninj〉LT |
|〈ninj〉C − 〈ninj〉LT |
|〈ninj〉tNC − 〈ninj〉LT | | 〈IˆkIˆq〉ini − 〈IˆkIˆq〉NG |
〈Oˆ〉GGE = Tr[ρˆGGEOˆ]
| 〈Iˆdk Iˆdq 〉ini − 〈Iˆdk Iˆdq 〉1NG |
k [2pi/L] (1)
q [2pi/L] (2)
ϕ1 3
ϕ2 4)
ϕ3 (5)
ϕ4 (6)
|ψAini〉 (7)
1 |ψBini〉 (8)
pi (9)
1
〈n1nj〉
|〈ninj〉1NC − 〈ninj〉LT |
|〈ninj〉2NC 〈ninj〉LT |
|〈ninj〉C − 〈ninj〉LT |
|〈ninj〉tNC − 〈ninj〉LT | | 〈IˆkIˆq〉ini − 〈IˆkIˆq〉NG |
〈Oˆ〉GGE = Tr[ρˆGGE ˆ]
| 〈Iˆdk Iˆdq 〉ini − 〈IkIdq 〉1NG |
k [2pi/L] (1)
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FIG. 6. The differences of the expectation value of Iˆdk Iˆ
d
q from
the initial state expectation value are plotted. The one-body
NCGGE case | 〈Iˆdk Iˆdq 〉ini − 〈Iˆdk Iˆdq 〉1NC | with the initial state
|ψAini〉 is (a1) and that with the initial state |ψBini〉 is (b1).
The trigonal NCGGE case | 〈Iˆdk Iˆdq 〉ini − 〈Iˆdk Iˆdq 〉tNC | with the
initial state |ψAini〉 is (a2) and that with the initial state |ψBini〉
is (b2). The color bars are common in upper panels and in
lower panels respectivelly. The system size is L = 100 and
the particle number is N = 30. The initial hard wall box is
the size of Lini = 70.
in the GGE or not. Note that Iˆdk Iˆ
d
−k is invariant in the
unitary transformation, i.e. Iˆdk Iˆ
d
−k = Iˆk Iˆ−k.
When the initial state is the product of the single
particle state, there is no improvement in (k,-k) sub-
space NCGGE from the one-body NCGGE. This is
because 〈Iˆdk Iˆd−k〉1NC = 〈Iˆk〉ini 〈Iˆ−k〉ini − | 〈Jˆk〉ini |2 and
〈Iˆdk Iˆd−k〉sNC = 〈Iˆk Iˆ−k〉ini and we can easily show
〈Iˆk Iˆ−k〉ini = 〈Iˆk〉ini 〈Iˆ−k〉ini − | 〈Jˆk〉ini |2, (E9)
when the initial state is the product of the single particle
state. From this, we can see the expectation value of the
conserved quantities Iˆdk Iˆ
d
−k is the same in the one-body
NCGGE and (k,-k) subspace NCGGE when the initial
state is the product of the single particle state. The dif-
ference of the fitting of the conserved quantities in the
two NCGGE is only the fitting of the Iˆdk Iˆ
d
−k. Therefore
the expectation value of any observables in the one-body
NCGGE and the (k,-k) subspace NCGGE is the same
when the initial state is the product of the single particle
state.
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FIG. 7. Error of GGEs | 〈nˆinˆj〉GGE − 〈nˆinˆj〉LT | for the
density-density correlation between sites i and j calculated
with the (a) CGGE, (b) one-body NCGGE, (c) trigonal
NCGGE, (d) two-body NCGGE. In all panels, L = 600,
Lini = 360, and N = 120. and we use the initial state |ψAini〉,
and implicitly assume the normal ordering for nˆinˆj(see foot-
note [57]).
The initial state used in this paper is the product of
the single particle state. Thus we do not use the (k,-k)
subspace NCGGE because the result is the same in the
one-body NCGGE.
Appendix F: fitting of two-body conserved
quantities in one-body and trigonal NCGGEs
We study how much the two-body conserved quanti-
ties Iˆdk Iˆ
d
q are fit by the one-body NCGGE or trigonal
NCGGE. We plot | 〈Iˆdk Iˆdq 〉ini − 〈Iˆdk Iˆdq 〉1NC | with the ini-
tial state |ψAini〉 in Fig. 6(a1) and with the initial state
|ψBini〉 in Fig. 6(b1). We also plot | 〈Iˆdk Iˆdq 〉ini − 〈Iˆdk Iˆdq 〉tNC |
with the initial state |ψAini〉 in Fig. 6(a2) and with the ini-
tial state |ψBini〉 in Fig. 6(b2). In both initial state case,
We find that most deviations reside around the diago-
nal (k = q) and anti-diagonal (k = −q) components in
one-body NCGGE case. The trigonal NCGGE is also
made from the two-body conserved quantities Iˆdk Iˆ
d
k+∆k.
Comparing Fig. 6(a1,b1) and Fig. 6(a2,b2), we can see
the fitting of the trigonal components of the two-body
conserved quantities are improved from the one-body
NCGGE.
FIG. 8. (a) Expectation values of local density-density corre-
lation of 〈njnj+1〉 in the CGGE, one-body NCGGE, trigonal
NCGGE, two-body NCGGE, and long-time average with the
initial state |ψAini〉 and L = 600, Lini = 360, and N = 120.
There are no characteristic peaks which cannot be explained
by the CGGE such as in the case of |ψBini〉 . (b) Error of GGEs
| 〈nˆj nˆj+1〉GGE−〈nˆj nˆj+1〉LT | for the local density-density cor-
relation between sites j and j + 1.
Appendix G: density-density correlation for ground
initial state |ψAini〉
We show the expectation values of the density-density
correlation in the CGGE and the NCGGEs for the
ground initial state |ψAini〉. We evaluate the error
| 〈nˆinˆj〉GGE− 〈nˆinˆj〉LT |, where GGE means the C-, one-
body NC-, trigonal NC-, and two-body NC-GGE. We
find that the more conserved quantities are used, the
more accurate the GGE becomes. For a quantitative
comparison of local observables, we plot the expectation
values of nˆj nˆj+1 in Fig. 8(e). There are no characteris-
tic peaks that survives in the thermodynamic limit, and
the CGGE is thus accurate for density-density correla-
tion with any pair of sites unlike the excited initial state
|ψBini〉. The difference between the two-body NCGGE and
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the long-time average is due to the accidental degeneracy.
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